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PREFACE. 

In the present Treatise the Conic Sections are defined 
with reference to a focus and directrix, and I have 
endeavoured to place before the student the most 
important properties of those curves, deduced, as 
closely as possible, from the definition. 

The construction which is given in the first Chap- 
ter for the determination of points in a conic section 
possesses several advantages ; in particular, it leads at 
once to the constancy of the ratio of the square on the 
ordinate to the rectangle under its distances from the 
vertices ; and, again, in the case of the hyperbola, the 
directions of the asymptotes follow immediately from 
the construction. In several cases the methods em- 
ployed are the same as those of Wallace, in the 
Treatise on Conic Sections, published in the Ency- 
dopasdhd Metropclitana. 

The deduction of the properties of these curves 
from their definition as the sections of a cone, seems 
d priori to be the natural method of dealing with the 
subject, but experience appears to have shewn that 
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the discussion of oonics as defined by their plane pro- 
perties is the most suitable method of commencing an 
elementary treatise, and accordingly I follow the 
fashion of the time in taking that order for the treat- 
ment of the subject. In Hamilton's book on Conic 
Sections, published in the middle of the last century, 
the properties of the cone are first consideredi and 
the advantage of this method of commencing the 
subject, if the use of solid figures be not objected to, 
is especially shewn in the very general theorem of 
Art. (150). I have made much use of this treatise, 
and, in fact, it contains most of the theorems and 
problems which are now regarded as classical propo- 
sitions in the theory of Conic Sections. 

I have considered first, in Chapter I., a few simple 
properties of conies, and have then proceeded to the 
particular properties of each curve, commencing with 
the parabola, as in some respects, the simplest form 
of a conic section. 

It is then shewn, in Chapter YI., that the sections 
of a cone by a plane produce the several curves in 
question, and lead at once to their definition as loci, 
and to several of their most important properties. 

A chapter is devoted to the method of orthogonal 
projection, and another to the harmonic properties 
of curves, and to the relations of poles and polars 
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including the theory of reciprocal polars for the par- 
ticular case in which the circle is employed as the 
auxiliary curva 

For the more general methods of projections, of 
reciprocation, and of anharmonic properties, the stu- 
dent will consult the treatises of Chasles, Poncelet^ 
Salmon, Townsend, Ferrers, Whitworth, and others, 
who have recently developed, with so much fulness, 
the methods of modem Creometry. 

I have to express my thanks to Mr B. B. Wor- 
thington, of St John's College, and of the Indian 
Civil Service, for valuable assistance in the construc- 
tions of Chapter XI., and also to Mr £. Hill, Fellow 
of St John's College, for his kindness in looking over 
the latter half of the proof-sheets. 

I venture to hope that the methods adopted in 
this treatise will give a clear view of the properties 
of Conic Sections, and that the numerous Examples 
appended to the various Chapters will be useful as 
an exercise to the student for the further extension 
of his conceptions of these curves. 

W. H. BESANT. 

GAMBBIDOBy 

Marchy 1869. 



PREFACE TO THE SECOND EDITION. 

Fob this edition the text has been carefully revised, 
and some additions have been made to the examples 
and miscellaneous problems. 

I am much indebted to several friends, and in 
particular to Mr R. Tucker, of St John's College, 
Cambridge, and of University College School, for careful 
lists of errata in the first edition, and for many useful 
suggestions. 

I have also to express my thanks to Mr T. T. 
Gumey, Fellow of St John's College, for important 
assistance in the examination of many of the proof- 
sheets. 

W. H. BESANT. 

Sept 1875. 
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CONIC SECTIONS. 



INTRODUCTION. 



DEFINITION. 



1. TF a straight line and a point be given in position in 
JL a plane, and if a x)oint move in a plane in such a 
manner that its distance from the given point always bears 
the same ratio to its distance from the given line, the curve 
traced out by the moving point is called a Conic Section. 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

When the ratio is one of less inequality, the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained from the intersections of a Cone by 
planes in different directions, a fact which will be proved 
herescrter. 

It may be mentioned that a circle is a particular case 
of an ellipse, that two straight lines constitute a parUs»!^ 

R c. a ^^ 
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case of an hyperbola, and that a parabola may be looked 
upon as the limiting form of an ellipse or an hyperbola, 
under certain conditions of yariation in the lines and 
magnitudes upon which those curves depend for their 
form. 

The object of the following pages is to discuss the 
general forms and characters of these curves, and to de- 
termine their most important properties by help of the 
methods and relations developed in the first six books, and 
in the eleventh booK of Euclid, and it will be found that, 
for this purpose, a knowledge of Euclid's Geometry is all 
that is necessary. 

The series of demonstrations will shew the characters 
and properties which the curves possess in common, and 
also the special characteristics wherein they differ from 
each other ; and the continuity with which the curves pass 
into each other will appear from the definition of a conic 
section as a Locus, or curve traced out by a moving point, 
as well as from the fact that they are deducible from the 
intersections of a cone by a succession of planes. 



CHAPTER L 

PROPOSITION I. 

The Construction qfa Conic Section, 

% nn AKB S as the focus, and from S draw SX at right 
X angles to the directrix, and mterseeting it in the 
point X. 

Definition". This line SX, produced both ways^ is 
called the Axis of the Conic Section, 

In SX take a point A such that the ratio of SA to 
AX\a equal to the given ratio; then ^ is a point in the 
curve. 

Dbp, The point A is called the Vertex oftUe curve. 

In the directrix EX take any point E, join EA, and 
ES, produce these lines, and through S draw the straight 
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4 Conic Sections. 

line SQ making with ES produced the same angle which 
US produced makes with the axis SN. 

Let P be the point of intersection of SQ and EA pro- 
duced, and through P draw LPK jMirallel to NX, and 
intersecting ES produced in Z, and the directrix in K, 
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Then the angle PLS is equal to the angle LSN and 
therefore to PSL; 

Hence - SP=PL. 

Also PL : AS :: EP : EA 

:: PK : AX; 

/. PL : PK :: AS : AX; 

and .-. SP : PX :: AS : ^X. 

The point P is therefore a point in the curve required, 
and by taking for E successiye positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 

If ^ be taken on the upper side of the axis at the 
same distance from X, it is easy to see that a point P will 
be obtained below the axis, which will be similarly situated 
with regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 
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3. Another point of the curve, lying in the straight 
line KP, can be found in the following manner. 




Through S draw the straight line FS making the angle 
FSK equal to KSP, and let FS produced meet KP pro- 
duced in P'. 

Then, since KS bisects the angle PSF, 
SP' : SP :: P'K : PK; 
.\ SP : P'JT :: SP : PK, 
and P' is a point in the curve. 

4. Dbp. The Eccentricity. The constant ratio of the 
distance from the focus of any point in a conic section to 
its distance from the directrix is called the eccentricity 
of the conic section. 

The LaXus Rectum. If E be so taken that EX is equal 
to SX, the angle PSN, which is double the angle LSN^ 
and therefore double the angle ESX, is a right angle. 
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6 Conic Sections. 

For, since EX=SX, the angle ESX=SEX, and, the 
angle 8XE being a right angle, the sum of the two angles 
SEXy ESX, which is equal to twice ESX, is also equal to 
a right angle. 

Calling R the position of P in this case, produce ES to 
B^, so that B^S=BS; then B' is also a point in the curre. 

Dbp. The straight line BSR drawn throiigh thefoctis 
at right angles to the axis, and intersecting the curve in B 
and B\ is called the Latris Bectum. 

It is hence evident that the form of a conic section is 
determined by its eccentricity, and that its magnitude is 
determined by the magnitude of the Latus Rectum, which 
is given by the relation 

JSB : SX :: SA : AX. 

6. Dbp. TTie straight line PN (Fig. Art. 2), drawn 
from any point P qfthe curve at right angles to the axis, 
and intersecting ths axis in N, is called the Ordinate of 
the point P. 

If the line PN be produced to P so that NP'=NP, 
the line PNP is a double ordinate of the curve. 

The latus rectum is therefore the double ordinate pass- 
ing through the focus. 

Dbp. The distance AN of the foot of the ordinate 
from the vertex is called the Abscissa of the point P. 

Dbp. The distatice SP is called ths focal distance cf 
the point P. 

It is also described as the radius vector drawn from the 
focus. 

6. Definition qfthe Tangent to a curve. 

If a straight line, drawn through a point P of a 
curve, Tneet the curve again in P\ and if the straight line 
be turned round the point P until the point P approaches 
indefinitely near to P, the ultimate position of the straight 
line is the tangent to the curve at P. 

Thus, if the straight line APP" turn round P until the 
points P and P' coincide, the line in its ultimate position 
PTia the tangent at P. 



Conic Sections. 




Dkp. The normal at any point qf a curve is the 
straight line draton through the point at right angles to 
the tangent at that point 

Thus, in the figure, PG is the nonnal at P. 

7. We have now given a general method of constmcting 
a conic section, and we have explained the nomenclature 
which is usually employed. We proceed to demonstrate a 
few of the properties which are common to all the conic 
sections. 

For the future the word conic will be employed as an 
abbreviation for conic section. 

Pkop. II. 1/ the straight line joining tvx> points 
P, P^ qf a conic meet ths directrix in F, the straight line 
FSwiU bisect the angle between PS and P'S produced. 
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Draw the perpendiculars PZ", P'K', on the directrix. 

Then SP : SP" :: PK \ P'K\ (Pig. Art. 9.) 

:: PF : P'F, 

Therefore FS bisects the outer angle, at S^ of the tri- 
angle PaSP'. (BucUd, VI. A.) 

If SQ bisect the angle PSP', it follows that FSQ is a 
right angle. 

Let the point P' move along the curve towards P ; then, 
as P' approaches to coincidence with P, the straight line 
FP approximates to, and ultimately becomes, the tangent 
TP at P. But, when P' coincides witli P, the line SQ 
coincides with aSP, and the angle PaSP which is ultimately 
TSPy becomes a right angle. 

Hence the straight line, drawn from the focus to the 
point in which the tangent meets the directrix, is at right 
angles to the straight line drawn from, the focus to the 
point qf contact. 

Or, in other words, the portion of the tangent intercept- 
ed between the point of contact and the directrix, subtends 
a right angle at the focus. 

8. If a chord BAP be drawn through the vertex, and 
the point P be near the vertex, the angle PSA is small, 
and LSN which is half the angle ^^ 

PSN is nearly a right angle. 
The angle ASE is therefore 
nearly a right angle, and SEX 
is a small angle, and AES is, 
a fortiori, a small angle, and ^ 
vanishes when ASE is a right 
angle. 

As P approaches to coinci- 
dence with A, the angle LSN 
becomes ultimately a right an- 
gle, and therefore ASE is ulti- 
mately a right angle. 

Hence the angle J^^X which 
is the sum of the angles AES, 
ASE, is a right angle when P 
coincides with A, 
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Bat, when P approaches to ooinddence with A^ then 
EAP approximates to the position of, and ultimately be- 
comes, the tangent at A. 

The tangent at the vertex is thertfare at right anglss to 
the axis, 

9. Prop. III. No straight line can meet a conic in 
more than ttoo points. 




Let P be a point in the dure, draw any straight line 
FPy join SF, and draw SQ at right angles to SF. Draw 
/S'P' m^ng the angle QSP* equal to QSP\ then P* is 
a point in the curye. For, since SF bisects the outer angle 
at/S; 

SP' : SP :: P'F : PF 
\\P'K' : PK\ 
.\ SP' : PJT :: SP : PK, 
and J*' is a point in the curve. 

Also, there is no other point of the curve in the straight 
line PP. 

For suppose if possible P*^ to be another point and 
draw P"K'* perpendicular to the directrix, 

then SP" : SP ;: P'K" : PK 

:: B'F : PF; 

therefore FS bisects the angle between PS and P^S ^t^ 
duced. 
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But -Fas' bisects the angle between PS and P'S pro- 
daced, which is impossible unless P" coincides with P. 

10. Pkop. IV. The tangents at tJie end of a focal 
chord intersect in the directrix. 




For the line SF, perpendicular to SP, meets the direc- 
trix in the same point as the tangent at P; and, since 
FS is also at right angles to SP, the tangent at P meets 
the directrix in the same point F, Conversely, if from any 
point F in the directrix tangents be drawn, the chord of 
contact, that is, the straight line joining the points of con- 
tact, will pass tiirough the focus and will be at right angles 
to SF. 

Cor. Hence it follows that ihe tangents at the ends 
of the latus rectum pass through the foot of the directrix. 

11. Prop. V. The straight lines joining the extremi- 
ties of two focal chords intersect in the directrix. 

If PSp, PSp' be the two chords, the point in which PP' 
meets the directrix is obtained by bisecting the angle PSP' 
and drawing SF at right angles to the bisecting line SQ. 
But this line also bisects the angle pSp'-, therefore pp' 
also passes through F, 

The line SF bisects the angle PSp\ and similarly, 
if QS produced, bisecting the angle pSp', meet the direc- 
trix in F^ the two lines Pp\ P'p will meet in F, 
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It is obnous that the angle FSF' is a right angle. 

Corollary. If the straight line bisecting PSP' meet 
the curve in q and (jf and Fq, F^ be joined, these lines 
will be the tangents at q and g'. (Prop, iv.) 

Hence, if from a point F in the directrix tangents be 
drawn, and also any straight line FPP' cutting the curve 
in P and P", the chord of contact will bisect the angle 

psr. 



12. Prop. VL If the tangent at any point P of a 
conic intersect the directrix in F, and the latu8 rectum 
produced in 2>, 

SD : SF :: SA : JX. 

Join /SiT; then, observing that FSP and FJTP are right 
angles, a circle can be described aV>ou\. FSPK^ %sA 
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therefore the angles SFD, 
SKP are equaL /C 

Alio the angle FSD 

= complement of DSP 

= SPK', F 

:. the triangles FSD, SPK JL 
are similar, and 

SD : SF :: ^P : PK 

:: aS'^ : AX. 

CoE. (1). If Z)iSr be drawn 
at right angles to SP^ SE is equal to the semi-latus 
rectunL 

For SDE, SFX are similar triangles, and 

SE : SX :: SD : SF 

:: SA : AX 

:: SB : SX. 
SE is therefore equal to SB, the semi-latus rectum. 

Cob. (2). If the tangents at the ends of a focal chord 
meet the latus rectum in D and 2X, 

SD = SD'. 

For the tangents meet the directrix in the same point F, 
and, by the same reasoning as in Prop, yi, 

SD ^ SF :: SA : AX ; 

.'. SD=SD'. 

13. Peop. VII. The tangetiti drawn from any point 
to a conic subtend eqtial angles at the focus. 

Let the tangents FTP, FTP at P and P meet the 
directrix in F and F and the latus rectum in D and D'. 

Join ST Qjid produce it to meet the directrix in X; 
then XF : SD :: XT : ST 

:: XF : SU. 

Hence XF : XF :: SD : SU 

:: SF : /SF'by Prop. vi. 
.-. the angles TSF, TSF are equal 
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But th6 angles FSP', F'SP are equal, for each is the 
complement of FSF' ; 

:. the angles T&P, TSP' are equal. 

Cob. Hence it follows that if perpendiculars, TM, 
TM' be let fall upon SP and SP^ they are equal in 
length. 

For the two triangles TSM^ TSM' have the angles 
TMS, TSM respectively equal to the angles TM'S 
TSM'j and the side TS common ; and therefore the other 
sides are equal, 
and TM= TM". 

14. 1*R0P. VIII. If from any point Tin the tangent 

at a point P of a conic, TM he drawn perpendicular to 

tJie focal distance SP, and TN perpendicular to the 

directrix^ 

SM : TN :: SA : AX. 
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For,ifP-ff'be perpendicular to the directrix and SFhe 
joined, 



SM : SP I 



.'. SM : TN : 



TF : FP 
TN : PK\ 
SP : PK 
SA : AX. 



This theorem, which is due to Professor Adams, may 
be employed to prove Prop. vii. 

For if, in the figure of Art. (13), 7W, TM' be the per- 
pendiculars from T on SP and SP^ and if TN be the 
perpendicular on the directrix, SM and SM' have each 
the same ratio to TN, and are therefore equal to one 
another. 

Hence the triangles TSM^.TSM' 2LrQ equal in all re- 
spects, and the angle PSP' is bisected by ST. 

The same theorem also suggests an obvious method of 
drawing tangents from any point to a conia 

For, if T be the point, and a circle be described about S 
as centre, the radius of which bears to TN the ratio of 
SA : AX, and if tangents TM, TM' be drawn to the 
circle the straight lines SM, SM', produced if necessary, 
will intersect the conic in the points of contact of the 
tangents from T. * 

16. Pkop. IX. If PG the normal at P meet the 
axis of the conic in G, 

SG ; SP :: SA : AX. 




Let the tangent at P meet the directrix in F, and the 
latus rectum produced in D. 
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Then the angle SPG = the complement otSPF 

=PFS, 
and the angle PSG= the coniplement of FSX 

=FSI); 
.*. the triangles SDF, SPG are similar, and 

SG : SP :: SD : SF 

:: SA : AX, by Prop. vi. 

16. Prop. X, jy a tangent be drawn parallel to a 
chord of a conic, the portion of this tangent which is 
intercepted by the tangents at the ends qf t?ie chord is 
bisected dt the point of contact. 




Let PP' be the chord, TP, TP" the tangents, and 
FQB' the tangent parallel to PP'. 

From the focus /S' draw SP, SP and SQ, and draw TM, 
TM! perpendicular respectively to SP, SP', 

Also draw from E perpendiculars EN, EL, upon SP, 
SQ, and from E' perpendiculars . EN', EL upon SP' 
and SQ. 

Then, since EE' is parallel to PP^ 

TP : EP :; TP : EP', 
but TP : EP :: TM : EN, 
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and TR : ET :: TM' : E'N'-, 

.'. TMi EN:: TM' : EN'-, 
but TM= TM, Cor. Prop, vii; 

/. EN=EN\ 
Again, by the same corollary, 

EN=EL and EN'^E'L'\ 
/. EL=E'L\ 
and, the triangles ELQ, E'L'Q being similar, 

EQ=EQ. 

CoE. If 2*$ be produced to meet PR in F, 
PF : ^Q :: TV : TQ, 
and FT: E'Q :: TV : TQ-, 

.-. pv^rv, 

that is, PP' is bisected in V, 

Hence, if tangents he drawn at the ends of any chord 
of a coniCf the point of intersection of these tangents, the 
middle point of the chord, and the point of contact of the 
tangent parallel to the chord, all lie in one straight line. 

17. Prop. XI. Tlie semi-latus rectum is an harmonic 
mean between the tvoo segments of any focal chord qf a 
conic. 

Def. Three magnitudes are said to be in harmonic 
progression when the first is to the third as the difference 
between the first and second is to the difference between 
the second and third : and the second magnitude is said 
to be an harmonic mean between the first and third. 
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Let PSP* be a focal chord, and draw the ordinatos 
PN, PN'. 

Then the triangles SPN, SPN' are similar; 
/. SP : SP :: SN : SN' 

:: NX-SX : SX^NX 
:: iSrp-.S'/2 : SR-SP', 
since iS'P, /Si?, SP are proportional to iVJT, SX, and 

18. Pkop. XII. If from (r, <A€ />oiw* in ithich the 
normal at P meets the axisy GL he drawn perpendicular 
to SP, the length PL is equal to the semi4alus rectum. 




Let the tangent at P meet the directrix in P, and join 
SF. 

Then PLG, PSFsre similar triangles ; 
.-. PL : LG :: SF : SP. 
Also SLG and SFX are similar triangles ; 

.-. LG : SX :: /^(S^ : SF. 
Hence PZ : SX :: aS'6? : /9P 

:: SA : ^X, Art. (15), 
but SB : iSX ;: SA : AX, Art (4); 

.'. PL = SIim 

19. Prop. XIII. A focal chord is divided harmoni- 
cally at the focus and the point wh^ere it meets the 
directrix. 

Let PSP produced meet the directrix in F, and draw 
PX, PX' perpendicular to the directrix, fig. art 17, 

R 0. s. *I 
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Then PF : P'F 



PK 
SP 



P'K' 



PF-SF : SF-P'F; 
that is, PFj SFj and P'i^ are in harmonic progression, and 
the line PP is divided harmonically at S and F, 

20. Prop. XIV. If from any point Fin the directrix 
tangents he drawn, and also any straight line FPP' 
cMting the curve in P and P\ the chord PP is divided 
harmonically at F and its point of intersection with the 
chord of contact. 




For, if Q8Q be the chord of contact, it bisects the 
angle PSP\ (corollary, Prop. V.), and /., if The the point 
of intersection of SQ and PP', 

FP : FP :: SP : SP 

P'F : PV 

FP'-'FV : FV-FP. 

Hence FV is an harmonic mean between FP and FP', 

The last two theorems are particular cases of more 
general theorems, which will appear hereafter. 



CHAPTER IL 
THE PARABOLA, 



Dkp. a parabola u the ewrre traetd outhya point 
which more* in tueh a manner that it* dittanee /irim a 
gieen point it alwayt equal to itt ditlance from a gieen 
ttraight line. 



Tracing the Curve. 




31. Lei 5 be the focus, EX the directrix, and SX the 
perpendicuiar on EX. Then, bisecting SX in A, the point 
A is the vertex ; and, if from an; point E in the directrix, 
EAP, ESL be drawn, and from S the straight line HP 
meeting EA produced in P, and making the angle PSL 
eqnal to LSN, we obtain {as in Art. (2)}, a point /* in the 



For 



PL : PK ■.: SA : AX, 
:. PL=PK. 
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But SP=PL, and /. SP=PK. 

Again, drawing EP' parallel to the axis and meeting in 
P" the line PS produced, we obtain the other extremity of 
the focal chord PSP'. 

For the angle ESP' = PSL = PLS 

^SEP, 
and .',SP'=PE, 

and P' is a point in the parabola. 

The curve lies wholly on the same side of the directrix; 




for, if /*' be a point on the other side, and SNhe perpen- 
dicular to P'Kj SP' is greater than P'N, and therefore is 
greater than P'K, 

Again, a straight line parallel to the axis meets the 
curve in one point only. 

For, if possible, let P" be another point of the curve in 
KP produced. 

Then SP = PK and SP" = P'K; 

.-. PP"=SP"-SP, 
or PP"^SP=-SP", 

which is impossible. 

Lastly, the curve has infinite branches; for, since 
PS-PK-PL^ it follows that P is the centre of the circle 
passing through K, S, and Z, and therefore the angle iT/SX 
in a semicircle is a right angle; hence it follows that, as E 
approaches X, the point JT moves away from X, and there- 
fore the point P moves away from the axis, its distance 
becoming larger as the distance EX diminishes. Since 
ESX is a right angle the rectangle EX, KX is equal to 
SX}^ and therefore when EX is indefinitely small, KX is 
indefinitely large. ^ The^ curve therefore has two branches 
proceeding to infinity. 
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22. Prop. I. The distance from thefocfu qfa point 
inside a parabola is less, and <ifapoint outside is greater, 
than its distance from the directrix. 

If^Q be the point 
inside, let fall the per- 
pendicular QPK on 
the directrix, meeting 
the curve in P, 

Then*SP + PQ>AS'Q, 
hnt SP-^PQ 

=:PK-^PQ^QK, 

/. SQ<QK. 

IfQ^ be outside, and 
between P and K^ 

SQ+PQ>SP, 

If Q' lie in PJT produced, 




and 



SQ + SP>PQ, 
.-. SQi>KQ. 



23, Pbop. II. 7^ Latiu Rectum=^A,AS, 
For if, Fig. Art 22, LSL' be the Latus Rectum, draw^ 

ing LK at right angles to the directrix, we have 

LS=LK'-:-SX=2AS, 
/. LSL' =4. AS. 

24. Mechanical construction of the Parabola. 

Take a rigid bar 
EKLy of which the por- 
tions^iT, KL are at right 
angles to each other, and 
&8ten a string to the 
end L, the length of 
which is LK. Then if 
the other end of the 
string be fiustened to z^, 
and the bar be made to slide along the directrix, a pencil 
at P, keeping the string stretched against the bar, ^^ 
trace out a portion of a parabola. 
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25. Peop. III. IfPN*he the ordinate of a poini P, 

Draw the lines PAE^ 
ESL, KPL, and join ^ 
SK, 

ThQnSP=^PL=PK. 
Hence JraZ, and /.^/Si^, x 
is a ri^ht angle, 

2^dLEX.KX=sx^ :e 

also 

ANi AX :: PN : ^X 
or AN : AS :: PN^ : EX.KX, 

AAS.AN : 4^>S^ :: PiV^2 . 4^^2. 

.-. PN'=4AS.AN. 

26. Conversely, if it be known that at every point of a curve 
the relation PN^=4tAS . AN holds true, the curve is a parabola. 

In ^-4 produced take AX equal to AS, draw EXX at right 
angles to XN^ and KPL parallel to XN; also draw PAE, and ESXi, 

Then AN: AX :: PiV : ^Z, 

or AN : ^/S :: PiV^ : EX. KX, 

but PN^^'iAS.AN; 

.\EX.KX=4AS^=SX^. 

Hence KSE, and .'. KSL, is a right angle, 
and, since SA = AX, PL=PK, 

and therefore P is the centre of the circle passing through 
Kf S, and Jj. 

Hencb it follows that SP=PK, which is the definition of a 
parabola. 

27. Pkop. IV. If from the ends qf a focal chord 
perpendiculars be let fall upon the directrix, the inter- 
cepted portion of tJie directrix subtends a right angle at 
thefocus. 

For, if the straight line through E parallel to the axis 
meet PS in P\ P is the other extremity of the focal 
chord PS, and, as in Art. 26, KSE'\& a right angla 

Cor. Since ES bisects the angle ASP', Art. 21, it 
follows that KS bisects the angle ASP, 
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28. Prop. V. The tangent at any point P hieecte the 
angle between the/ocal distance SP and the perpendicular 
PIT an the directrix. 

Let F be the point in which the tangent meets the 
directrix, and join SF. 

We have shewn, Arts. 7 
and 12, that FSP is a right 
angle, and that, if the latos 
rectum produced meet the 
tangent in 2>, 

SD : SF :; SA : AX; 
bat AS:^=^X,and 

.\SD=SF. 

Hence the angle SFP 
=SDF=PFK, 
and therefore the comple- 
mentary angles SPF, FPK 
are equal 

In other words, the tangent at any paint is equally 
inclined to ^ focal distance and the axis^ 

Ck>B. It has been shewD, in Art. (10), that the tangents at 
the ends of a focal chord intersect in the directrix, and there- 
fore, if PS produced meet the curve in F, FR is the tangent at 
P', and bisects the angle between SF and the perpendicular 
from F on the directrix. 

29. Faop. VI. The tangents at the ends qf a focal 
chard intersect at right angles in the directrix. 

Let PSP be the chord, and 
PF, P'F the tangents meeting the 
directrix velF, 

Let fall the perpendiculars PK^ 
PET, and join SK, SK\ 
The angle P^SK'^^PSX 

=\SPK=SPF, 
,\ SK' is parallel to PF, 
and, similarly, SK\% parallel to P'F. 
But KSK' is a right angle; 

PFP' is a right angle. 
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30. Prop. VII. Ifthe tangent at any point P cf a para- 
bola meet the axis in T, and PN he the ordinate qfP, then 

AT=AN. 

Draw PJT perpen- 
dicular to the directrix. 

The angle SPT 
= TPK 
=PTS, 
.-. ST=SP 
= PK 
=NX. 



T 




JV 



But ST=SA'^AT, 

and NX=AN+AX; 

.*. since SA=AX, 

AT=AN. 

Dbp. The line NT is called the sub-tangent. 

The sub-tangent is therefore twice the abscissa of the 
point of contact 

31. Prop. VIII. The foot of the perpendicular J^om 
the focus on the tangent at any point P qf a parabola lies 
on the tangent at the vertex, and the perpendicular is 
a mean proportional between SP and SA, 

Taking the figure of the previous article, join SX 
meeting P 2* in Y, 

Then SP=PX, and PF is common to the two tri- 
angles /SP F, iTP F ; 

also the angle SPY= YPX; 
.'. the angle SYP==PYX, 
and SY is perpendicular to P7! 
Also SY=XY, and SA=AX, /. SY: YX :: SA : AX, 
and AY is parallel to XX. 

Hence, ^ F is at right angles to AS, and is therefore 
the tangent at the vertex. 

Again, the angle SP Y=STY=SYA, and the triangles 
SPY, SYA are therefore similar; 

.-. SP : SY :: SY : SA, 
or SY*=SP.SA. 
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32. Prop. IX. In the pardbda the iubnormal is 
constant and equal to the semi-latus Rectum* 

DsF. T?ie distance between the foot qf the ordinate 
of P and the point in which the normal at P meets the 
axis is called the sidmormaL 




In the figare PG is the normal and PT^the tangent 

It has been shewn that the angle SPK is bisected by 
PT, and hence it follows that SPL is bisected by P6r, 

and that the angle SPG^GPL=PGS; 

hence SG=SP^ST 

^lAS-k-SNi 
:, the subnormal NG=2AS. 



83. Cob. If 6? be drawn perpendicular to 8P, 

the angle QPl=ih& complement of SPT, 

. 3B the complement of STP, 

^PQN, 

and the two right-angled triangles OPN, OPl have their angles 
equal and the side OP common ; hence the triangles are equal, 



and 



Pl=^NG=2AS 

=tbe semi-latus Kectum. 



It has been already shewn, Art. (18), that this property is a 
general property of all conies. 
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34. Pbop. X. To draw iangmU to a parabda from 
an exUmal point 

For this purpose we may employ the general conatnic- 
tion given in Art (14), or, Tor the special case of the 
parabola, the foUoning constroction. 




X A.\ S 



Let Q be the eiternal point, join SQ, and npoa SQ as 
diameter describe a circle intersecting the tangent at the 
vertex in F and Y', Join YQ, F'Q; these are tangents 
to the parabola. 

Draw SP, so as to make the angle YSP equal to YSA, 
and to meet YQ in P, and let fall the perpendicidar PN 
upon the axis. 

Then, SYQ is a right angle, since it is the angle in a 
semicircle, and, T being the point in which Q Y produced 
meets the axis, the two triangles ^SFP, (ST*?^ are equal in 



■. SP^ST, and YT^ YP. 
But A ris parallel to PN; 

:. AT=AN. 
Hence SP=ST=SA+AT 

==AX+AN 
~NX, 
and /* is a point in the i>arabola. 

Moreover, if PK be perpendicular to the directrix, the 
angle SPY^STP= YPK, 

and Pris the tangent at P. Art. (28). 

Similarly, by making the angle Y'SP equal to A^Y', 
we obtain the point of contact of the other t&ngent Q V. 
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35. Prop. XI. ff/i-om a point Q lang«nt» QP, Qp- 
b« draten to a parabola, ih4 ttoo lriangU$ SPQ, SQP" are 
similar, and SQ it a mean pr<^rtional beliMM SP 
and SP'. 




Prodace PQ to meet the axU in T, and draw SY, SY" 
peipendicnlarl; on the tangents. Tken Y and Y" are 
pointa in tbe tangent at A. 

The angle SPQ = STY 

=SYA 

=SQP, 
mnce 8, Y', Y, Q are points on a drcle, and SYA, SQP 
are in tiie same s^paenL 

Also, bf tlie theorem of Art (13), the ai^le 
PSQ=QSP; 
therefore the triangles PSQ, QSP" are similar, and 
SP : SQ :: SQ : Sr. 



36. From the theorem of Art 3B the following, which 

is often useful, immediately follows. 

If frofn anypdnlt in a given tangent qf a parabola, 
langenit be drawn to the curve, the anglet which them 
tangentt make with the Jbcal dista7iee» qfthe pmnttjh)m 
which they are drawn are all equoL 
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For each of them, by the theorem, is equal to the angle 
between the given tangent and the focal distance of the 
point of contact. 

37. Since the two triangles PSQ, QSP' are similar, we 
have 

PQ : P'Q :: SP : SQ 

and PQ : P'Q :: SQ : SP', 

.\PQ^ iP'Q^ ::SP iSP"; 

that is, the squares of the tangents from any point are prO' 
portional to the focal distances of the points of contact. 

This will be found to be a particular case of a subsequent 
Theorem. 

38. Prop. XII. The external angle between two tan^ 
gents is half the cmgle subtended at th^ focus by the chord 
of contact. 

Let the tangents at P and P* intersect each other in Q 
and the axis ASN in T and T. 

Join SP, SP' ; then the angles SPT, STP are equal, 
and .-. S7P is half the angle PSN; similarly STP' is 
half PSN. 




But TQT is equal to the difference between STP and 
STP\ and is therefore equal to half the difference be- 
tween PSN and PSN, that is to half the angle PSP'. 

Hence, joining SQ^ TQT is equal to each of the angles 
PSQ, P'SQ. 
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39. Prop. XIII. TTis tangents drawn to a parabola 
from any point make the same angles, respectioelyt with 
the axis and the focal distance cfthe poinL 




Let QP, QR be the tangents ; join SP, and draw QE 
parallel to the axis, and meeting SP in £. 

Then, if PQ meet the axis in T, the angle 

£QP=STP=SPQ 

= SQP. Art (36). 

i.e. QP and QP respectively make the same angles 
with the axis and with QS. 

40. Conceive a parabola to be drawn passing through Q, 
haying 8 for its focus, SN for its axis, and its vertex on the same 
side of i8> as the vertex A of the given parabola. Then the normal 
at Q to this new parabola bisects the angle SQE ; therefore the 
amgles which QP and QJ*" make with the normal at Q are equal. 

Hence the theorem, 

If from any point in a parabola, tangents be draion to a 
eonfoccU and co-axial parabola, the normal at the point will bisect 
the angle bettoeen the tangents. 

In this enunciation the words co-axial and confocal are 
intended to imply, not merely the coincidence of the axes, but 
also that the vertices of the two parabolas are on the same side 
of their common focus. 

The reason for this will appear when we shall have discussed 
the aiLal<^us property of the ellipse. 
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41. Prop. XIV. Ths circle passing through the 
points of intersection qf three tangents passes also through 
the focus. 




Let Q, P, Q be the three points of contact, and 
F, T, F' the intersections of the tangents. 

In Art. (36) it has been shewn that, if FP^ FQ be tan- 
gents, the angle 

JSQF=SFP. 
Similarly TQ, TQ being tangents, the angle 

SQT=STQ\ 
hence the angle SFF' or SFP = SQ T, 

and a curcle can be drawn through S, F^ T^ and F', 



42. Bef. a straight line drawn parallel to the axis 
through any point qf a parabola is called a diameter. 
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Pbop. XV. If from any point T tangents TQ,TQhe 
drawn to a parabola, the point T is equidistant from the 
diameters parsing through Q and Q, and the diameter 
drawn through the point T bisects the chord qf contact. 

Join SQ, SQ^, and draw TM, TW perpendicular re- 
spectively to /S'Q and SQl, 

N 




Also draw NTN' perpendicular * to the diameters 
through Q and Q', and meeting those diameters in N 

Then, since T/S" bisects the angle QSQ^ 

TM=^ TM' ; 
and, smce TQ bisects the angle SQN^ 

TN=TM. 
Similarly ' TN'^TM\ 

Again, join QQ, and draw the diameter TT meeting 
QQ in Vi also let QT* produced meet Q'N' in B ; 

then QV : Vq :: QT \ TB 

:: TN : TN', 

since the triangles QTN, BTN' are similar ; 

Hence ths diameter through the middle point qf a 
cTiord parses, when produced, through the point qf inter- 
section qfthe tangents at the ends of the chord. 

It should be noticed that any straight line drawn 
through T and terminated by QN and Q'N' is bisected 
at T. 
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43. Peop. XVI. Any diameter hisecU aU chords 
parallel to the tangent at its extremity, and passes through 
the point qf intersection of the tangents at thq ends qfany 
of these chords. 

Let QQ be a chord parallel to the tangent at P, and 
through the point of mtersection T of t^e tangents at 
Q and Q draw FTF* parallel to QQ* and terminated at 
^and F' by the diameters through Q and Q'. 

Let the tangent at P meet TQ, TQ' in i^ and E\ and 
QF, QF' in 6? and G'. 




Then 



EG : TF 



:: EQ : TQ 

E'Q' : TQf 

EG' : TF\ 

But TF= TF', since, Art. (42), T is equidistant from 
QG and Q^G', 

/. EG=:E'G'. 

Also, EP=EG, since E is equidistant from QG and PF, 

/. EF=E'P and GP=PG'. 

Hence^ PF being the diameter at P, 

Again, since T, P, F are each equidistant from the 
parallel straight lines QF, QF', it follows that TPFis a 
straight line, or that the diameter VP passes through T 
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We have shewn that GE, EP, PE\ E'G' are ^ equal, 
and we hence infer that 

EE'=^GQ':=\QQ, 

md consequently that TP=^ TV ov that TP=PV, 

Hence it appears^ that the diameter through the point 
of intersection qf a pair of tangents passes through the 
point of contact qf the tangent parallel to the chord qf 
'sontacty and also throttgh the middle point of the chord qf 
yyntact ; and that the portion of the diameter between the 
ooint of intersection qfthe tangents and the middle point 
^ ths chord of contact is bisected at the point qf contact 
qf the parallel tangent* 

We may observe that in proving^, that EE' is bisected 
\t P, we have demonstrated a theorem already shewn, 
A.rt..(16), to be true for all conies, 

44. Dbf. The line Q V, parallel to the tangent at P, 
%nd terminated by the diameter P V, is called an ordinate 
if that diameter, and ^Q' is the double (yrdinate, Tlu 
ooint P, the end of the diameter, is called its vertex. 

We observe that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 

Def. The chord through the focus parallel to the 
kingent at any point is called the parameter qf the 
iiameter passing through the point. 

Prop. XVII. The parameter qf any cfiameter is 
%ur times the focal distance qf the vertex: qf that dia- 
neter. 

Let P be the vertex, and QSQ the parameter, T'the 
)oint of intersection of the tangents at Q and Q', and 
PP-P' the tangent at P, 

B. c. s, ^ 



'4 The Parabota. 

Then, unce f.S'aiiil F'S bisect resiKCtirel; the angles 




PSQ, PSQ, FSF" iB a right angl^ and, P bdng the 
middle point t£FF;SP=PF=PF: 

Hence QQ, which ie double FF', is four tjmes SP. 

M. Peop. XVIIL IfQVQleadoubleordiruOeofa 
diameler PV,QV it a mean proportional between PV 
and the parameter <\f P. 




Lot FPF' be the tangent at P, and draw the parameter 
through S meeting PV'm XJ. 

The angle SVT=FPU=SPF\ Art 28; 
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&nd, since the angles SFQ^ 8PF are equal (Art 35), it 
follows that the angles SFT, SPF' are equal; 

/. SUT=SFT, and CTis a point in the circle passing 
through SFTF". 

Hence, QF being twice PF, 

QV*=4PF^=4PU.PTi 
but PU=SP, 

for the angle SUP=FPU=SPF=PSU; 
and PT=PV, 

.\QV^=ASP.PV. 

46. Pbop. XIX. If QVQhea double ordinate of a 
diameter PV, and QD tTie perpendicular from Q upon 
PVy QD is a mean proportional between PV and the 
lotus rectum. 




Let the tangent at P meet the tangent at the vertex in 
F, and join aS^F, 

The angle QVD==SPY=SYA, and therefore the 
triangles QVD^ SAY are similar; 



and 



but 



QJD^ : QV* :: AS^ : SY* 

:: AS^ : AS.SP 
:: AS : SP 

:: 4AS.PV : 4SP.PV, 
QV^=4SP.PV; 
:.Q1^=4AS.PV. 



7^% 
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47. Peop. XX. jy from any painty tinthin or fcUhr 
^out a parabola, two etraig/it lines be drawn in given 
directions and intersecting the curve, the ratio qf the 
rectangles qf the segments is independent qf the position of 
the point. 




From any point draw a straight line intersecting the 
parabola in Q and Q', and draw the diameter OB, meeting 
the curve in D. 

Let Prbe the diameter bisecting QQ, and draw the 
ordinate EU. 

Then OQ.OQf=OV^-QV* 

= 4:SP.0B. 

I Similarly, if OBE'/be any other intersecting line and P' 
the vertex of the diameter bisecting RE, 

OR.OR=^P'.OE. : 
Therefore ' 

OQ.OQ : OR, OR' :: SP : SP, 

that is, the ratio of the rectangles depends only on the 
positions bf P and P", and, if the lines OQQ, ORR are 
drawn parallel to gi^en straight lines, these points P;P 
are fixed. 
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It will be easily seen that the proof is the same if the 
point O be within the parabola. 

If the lines OQQ^^ O^R be moved parallel to themselTes' 
until they become the tangents at P and P, we shall then 
obtain, if these tangents intersect in T, 

Tpa : 7!P« :: SP : SP, 
a resnlt preyionsly obtained (Art. 37). 

48. Pbop. XXI. If from a point O, ouUide a para- 
hoUij a tangent OM, and a chord OAB he drawn^ and {^ 
the diameter ME meet the chord in E^ 

OE^=OA.OB. 




Let P be the point of contact qf tne tangent parallel to 
OAB, and let OM, ME meet this tangent in Tand i'. 

Draw TV parallel io the axis and meeting PM in F j 

thea OA.OB : OM^ :: TP* : TM^ (Art. 47)i 

:: TF* : TM^, 

tfnce PMiB bisected in F; 

^80 TF : TM :: OE : OM; 

. :. OE*=OA.OB. 
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Cob. If AL, BN be the ordinates, parallel to OMy of 
Ay and By MLy ME, and MN are proportional to OA, OE 
and OBf and therefore 

ME^=ML.MN. 

This theorem may be also stated in the following form : 

If a eJwrd AB of a parabola intersect a diameter in 
the point Ey the distance of the point E from the tangent at 
the end qf the diameter is a mean proportional between 
the distances qf the points A and B from the same tan- 
gent, 

49. Peop. XXII. If a circle intersect a parabola in 
four points, the two straight lines constituting any one qf 
the three pairs qf the chords qf intersection are equdUy 
inclined to ths axis. 

Let Qy QyRyRhQ the four points of intersection ; 
then OQ.OQ'=OR.ORy 

and therefore SPy SP' are equal, Art. (47). 






But, if SPy SP^ be equal, the points P, P' are on 
opposite sides of, and are equidistant from the axis, and 
the tangents at P and P' are therefore equally inclined to 
the axis. 

Hence the chords QQfy BB', which are parallel to these 
tangents, are equally, indiued to the axis. 
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In the same manner it may be shewn that QR, QR 
are equally inclined to the axis, as also QRy Q[R. 

50. Conversely, if two chords QQ\ RBf, which are not 
parallel, make equal angles with the axis, a circle can be drawn 
through QQ! BfR, 

For, if the chords intersect in 0, and OE be drawn parallel 
to the axis and meeting the curve in J?, it may be shewn as 
above that 

P and P' being the vertices of the diameters bisecting the 
diords. 

But the tangents at P and P\ which are parallel to the 
dioids, are equally inclined to the axis, and therefore 8P is equal 
toflP'. 

Hence OQ . 0Q'= OR . OBf, 

and therefore a circle can be drawn through the points Q, Q^, R^ R\ 

If the two chords are both perpendicular to the axis, it is 
obvious that a circle can be drawn through their extremities, and 
this is the only case in which a circle can be drawn through the 
extremities of parallel chords. 



EXAMPLES. 

1. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

2. Draw a tangent to a parabola, making a given angle with 
the axis. 

8, If the tangent at P meet the tangent at the vertex in Y, 

AT^=AS.AN. 

4. If the normal at P meet the axis in (?, the focus is equi- 
distant from the tangent at P and the straight line through Q 
parallel to the tangent. 

5. Given the focus, the position of the axis, and a tangent, 
construct the parabola. 

6. Find the locus of the centre of a circle which touches a 
given straight line and a given circle. 

7. Construct a parabola which has a given focus, and two 
given tangents. 
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8. The distance of any point on a parabola from tbe focas 
is eqaal to the length of the ordinate at that point produced to . 
meet the tangent at the end of the latus rectum. 

9. PT being the tangent at P, meeting the axis in T, and 
PN the ordinate, prove that TT. TP= TS. TN, 

. 10. If iSi^.be the perpendicular from the focus on the normal 
at P, shew that 

SE^=^AN.SP. 

11. The locus of the vertices of all parabolas,, which have a 
common focus and a common tangent, is a circle. 

12. Having given the focus, the length of the latus rectum, 
and a tangent, construct the parabola. 

13. If PSF be a focal chord, and PN, FN' the ordinate^ 
shew that 

. AN. AN = ASK 

Shew also that the latus rectum is a mean proportional between 
the double ordinates. 

14. The locus of the middle points of the focal chords of a- 
parabola is another parabola. 

15. Shew that in general two parabolas can be. drawn having 
a given straight line for directrix, and passing through two 
given points on the same side of the line. 

16. Pp is a chord perpendicular to the axis, and the perpen- 
dicular from p on, the tangent at P meets the diameter through 
P in ^ ; prove that RP is equal to the latus rectimi, and find the 
locus of R. 

17. Having given the focus, describe a parabola pasdng 
through two given points. 

* 

18. The circle on any focal distance as diameter toudies the 
tangent at the vertex. 

19. The circle on any focal chord as diameter touches^'the 
directrix. 

20. A point moves so that its shortest distance from a given- 
circle is equal to its distance from a given diameter of the circle ; 
prove that the locus is a parabola, the focus of which coincides 
with the centre of the circle. 

21. Find the locus of^a point which moves so that its shortest 
distance from a given circle is equal to its distance from a given 
straight line. 
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' i2. If APC he a sector of a circle, of which the radius 
(7ii is fixed, and a circle be described, touching the radii CA, 
CP, and the arc AP, the locus of the oeutre of this circle is » 
parabola. 

23. If from the focus 8 of & parabola, SY, SZ be perpen- 
diculars drawn to the tangent and normal at any poin^ YZ is 
parallel to the diameter. 

24. Prove that the locus of the foot of the perpendicular 
from the focus on the normal is a parabola. 

25. If PO be the normal, and GL the perpendicular from G 
upon SPj prove that GL is equal to the ordinate PN» 

26. Given the focus, a point P on the curve, and the length 
of .the perpendicular from the focus on the tangent at P, find the 
vertex. 

27. A circle is described on the latus rectum as diameter,' 
and a common tangent QP is drawn to it and the parabola : shew 
that SP, SQ make equal avgles with the latus rectum. 

28. G is the foot of the normal at a point P of the parabola, 

Q is the middle point of SG^ arid X is the foot of the directrix : 

prove that 

QX^-QP^=iASK 

29. If PG the normal at P meet the axis in G, and if PF; 
PHf lines equally inclined to PG^ meet the axis in F and H^ the 
len|fth SG is % mean proportional between 8F and SH» 

80. A triangle ii£C7circirai8cribes a parabola whose focus is 
<9, and through A, By C, lines are drawn respectively perpen- 
dicular to SA, SB, SO ; shew that these pass through one point. 

81. If PQ, be the normal at P meeting the curve in Q, and 
if the chord PJt be drawn so that PB, PQ are equally incHned 
to the axis, PBQ is a right angle. 

82. PN is a semi-ordinate of a parabola, and AMia takexl 
on the other side of the vertex along the axis equal to AN ; from 
any point Q in PN, QR is drawn parallel to the axis meeting' the 
curve in i2 ; prove that the lines MB, AQ will intersect in the 
parabola.. 

83. Having given two points of a parabola, the direction of 
the axis, and the tangent at one of tiie points, construct the 
parabola. 

84. Having given the vertex of a diameter, and a cone* 
sponding.double ordinate, construct the parabola. 



4^ The Parabola. 

85. PM 18 an ordinate of a point P ; a straiglit line parallel 
to the axis bisects PAf, and meets the curve in Q ; MQ meeti 
the tangent at the vertex in T; prove that ZAT=2PM, 

86. ABf CD are two parallel strught lines given in position, 
and AC is perpendicular to both, A and C being given points ; 
in CD any point Q is taken, and in AQ, produced if necessary, a 
point P is taken, such that the distance of P from AB ]a equal 
to CQ ; prove that the locus of P is a parabola. 

87* If the tangent and normal at a point P of a parabola 
meet the tangent at the vertex in K and L respectively, prove 
that 

jrZ« : SP^ :: SP-AS : AS. 

88. Having given the length of a focal chord, find its 
position. 

89. If the ordinate of a point P bisects the subnormal of a 
point P, prove that the ordinate of P is equal to the normal 
of P. 

40. A parabola being traced on a plane, find its axis and 
vertex. 

41. If P F, P r be two diameters, and P r, P F ordinatea 
to these diameters, 

PV=Fr. 

42. If one side of a tiiangle be parallel to the axis of a 
parabola, the other sides will be in the ratio of the tangents 
parallel to them. 

48. If PSp, QSq be focnl chords, 

PS.S^ : QS.Sq :: Pp : Qq. 

44. QVQ^ is an ordinate of a diameter PV, and any chord 

PR meets QQ' in N, and the diameter through Q in L; prove 

that 

PL^=PN.PR. 

45. Describe a parabola passing through three g^ven points, 
and having its axis parallel to a given line. 

46. If AP, AQ he two chords drawn from the vertex at 
right angles to each other, and PN", QM be ordinates, the latus 
rectum is a mean proportional between AN and AM. 

47. PSp is a focal chord of a parabola ; prove that AP, Ap 
meet the latus rectum in two points whose distances from the 
focus are equal to the ordinates of |j and P respectively.. 
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48. A chord PQ of & panbola is normal io the p«r»boU ftt 
P, and the angle PSQ is a right angle ; shew that SQ=2SP. 

49, From any point Q in the line BQ which is perpendicular 
to the axis CAB of a parabola, vertex A, QR is drawn parallel 
to the axis to meet the cunre in B ; prove that if Cil be equal to 
AB, the lines A Q, CR will meet on the parabola. 

60. From the vertex of a parabola a perpendicular is drawn 
on the tangent at any point ; prove that the locus of its inter- 
section with the diameter through the point is a straight line. 

51. If two tangents to a parabola be drawn from any point 
in its axis, and if any other tangent intersect these two in P and 
Q, prove that SP=SQ. 

52. T is a point on the tangent at P, such that the perpen- 
dicular from T on iSP is of constant length ; prove that the locus 
of T is a parabola. 

If the constant length be 2AS, prove that the vertex of the 
loous is on the directrix. 

53. Given a chord of a parabola in magnitude and position, 
and the point in which the axis cuts the chord, the locus of the 
yertex is a circle. 

54. If the normal at a point P of a parabola meet the curve 
In Q, and the tangents at P and Q intersect in T, prove that T 
IMid P are equidistant from the directrix, 

5^. If TP, TQ be tangents to a parabola, such that the 
chord PQ is normal at P, 

PQiPT r.PN I AN, 

PN and AN being the ordinate and abscissa. 
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56. If two equal tangents to a parabola be cut by a third 
tangent, the alternate segments of the two tangents will be equaL 

57. If AP be a chord through the vertex, and if PL, per- 
pendicular to AP, and PO, the normal at P, meet the axis in 
L, respectively, (rZ=half the latus rectum. 

58. If PSQ be a focal chord, A the vertex, and PA^QAhe 
produced to meet the directrix in P', Q' respectively, then P'SQ' 
will be a right angle. 

59. The tangents at P and Q intersect in T^ and the tangent 
at B intersects TP and TQ in C and D ; prove that 

PC : CT i; CR :. RD i: TD ; DQ, 
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60. From nny point D in the latiis rectum of lb parabofft, a 
straight line DP is drawn, parallel to the axis, to meet the curye 
in P ; it X he the foot of the directrix, and A the vertex,. pvove 
that AD, XP intersect in the parabola. 

61. PSp is a focal ohord, and upon PS and p8 as diameters 
circles are described; prove that the length of either of their 
common* tangents is a mean proportional between AS and Pp, 

62. If J Q be a chord of a parabola through the vertex A^ 
and Q22 be drawn perpendicular to il Q to meet the axis in R ; 
prove that AR will be equal to the chord through the focus 
parallel to ilQ. 

68. If from any point P of a circle, PC be drawn to the 
centre C, and a chord PQ be drawn parallel to the diameter AB, 
and bisected in R ; shew that the locus of the intersection of CP 
and AR is a parabola. • ^ 

64. A circle, the diameter of which is three-fourths of th^ 
latus rectum, is described about the vertex il of a parabola a&r 
centre ; prove that the common chord bisects AS, 

65. Shew that straight lines drawn perpendicular to the 
tangents of a parabola through the points wh^re they meet a 
given fixed line perpendicular to the axis are in general tangents 
to a opnfocal parabola. \ 

66. If QR be a double ordinate, and PD a straight lin^ 
diftwn parallel to the axis from any point P of the curve^ and 
meeting QR in 2), prove, from Art. 25, that ^ 

.QD.RD=^S.PD. 

67. Prove, by help of the preceding theorem, that, if QQ' be 
a chord parallel to the tangent at P, QQ' is bisected by PD, and 
hence determine the locus of the middle point of a series of, 
parallel chords. 

68. If from either end of a double ordinate QVQ( to any 
diameter P F, a perpendicular QD be let fall upon the diameter, 
prove, by help of problem (66), and of Art. 32, that 

QD^=^S.PV. 

■ 69. Find the locus of the foci of the parabolas which have a 
common vertex and a common tangent. 

' 70. From the points where the normals to a parabola, meet 
the axis, lines are drawn perpendicular to the normals : shew' 
that these lines, will- be tangents to an equal parabola. 
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'.' 71* * iDSoribe in a given parabola a triangle having its ridea 
parallel to three gi^en straight lines, 

72. PXP is a doable ordinate, and through a point of the 
parabola MQjj is drawn perpendicular to PP'and meeting PA, or 
PA prodooed in J2 ; prove that 

PNtNLiiLRiRQ. 

. 73. PNP is a double ordinate, and through J2, a point in the 
tangent at P, RQM is drawn perpendicular to PP' sjid meeting 
the curve in Q ; prove that 

QMi^Rii P'M I PM. 

74. If from the point of contact of a tangent to a parabola, 
aehord be drawn, and a line parallel to the axis meeting the 
chord, the tangent, and the curve, shew that this line will be 
^vided by them in the same ratio as it divides the chord. 

75. PSp is a focal chord of a parabola, RD is the directrix 
meeting the axis in 2>, Q is any point in the curve ; prove that if 
QJP, Qp produced meet the directrix in R, r, half the latus rectum 
will be a mean proportional between DR and J)r, 

76. .A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is described ; 
prove that the distance between the middle points of this chord, 
and of the chord joining the other two points of intersection of the 
circle and parabola, will be of constant length. 

77. If a curcle and a parabola have a common tangent at P, 
and intersect in Q and R; and if Q F, UR be drawn parallel to 
the axis of the parabola meeting the circle in V and U respec- 
tively, then will VU be parallel to the tangent at P, 

78. If P F be the diameter through any point P, Q F a semi- 
ordinate, Qf another point in the curve, and Q'P cut QF in R, 
and QfRf the diameter through Q^ meet QVia R!, then 

vr.vr:=qvk 

-79. PQ, PR are any two chords ; PQ meets the diameter 
through R in the point Ff and PR meets the diameter through 
Q in ^^ ; prove thiat £F is parallel to the tangent at P. 

80. If parallel chords be intersected by a diameter, the dis- 
tances of the points of intersection from the vertex of the diameter 
are in the ratio of the rectangles contained by the segments of 
the chords. 
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81. If tangents be drawn to a parabola from any point P in 
the latns rectum, and if Q, ^ be the points of contact, the semi- 
latus rectum is a geometric mean between the ordinates of Q and 
Q', and the distance of P from the aids is an arithmetic mean 
between the same ordinates. 

82. If A\ B', O be the middle points of the sides of a tri- 
angle ABC<t and a parabola drawn through il', S', C[ meet the 
sides again in A!\ B\ a\ then wUl the Unes A^, BB\ CC 
be parallel to each other. 

83. A circle passing through the focus cuts the parabola in 
two points. Prove that the angle between the tangents to the 
circle at those points is four times the angle between the tangents 
to the parabola at the same points. 

84. The locus of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 

85. Having given the vertex, a tangent, and its jyoint of 
contact, construct the parabola. 

86. PSp is a focal chord of a parabola ; shew that the die* 
tance of the point of intersection of the normals at P and p from 
the directrix varies as the rectangle contained by PS, pS, 

87. TP, TQ are tangents to a parabola at P and Q, and is 
the centre of the circle circumscribing PTQ; prove that TSO is 
a right angle. 

88. P is any point of a parabola whose vertex is A, and 
through the focus S the chord QSQf is drawn parallel ix) AP; 
PNj QMi Q!M't being perpendicular to the axis, shew that SM is 
a mean proportional between AM, AN, and that 

MM'=AP. 

89. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two 
points. 

Extend this theorem to the case in which three of the points 
are on one side of the axis and one on the other. 

90. The tangents at P and Q meet in T, and TL is the per. 
pendicular from T on the axis ; prove that if PN, QM be the 
ordinates of P and Q, 

PN.Q3f=^S.AL. 
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01. Tho tangents at P and Q meet in T, and the lines TA^ 
PA, QA, meet the directrix in t, p, and 2 : prove that 

tp=tq, 

92. From a point T tangents TP, TQ are drawn, to a para- 
bola, and through T straight lines are drawn parallel to the nor- 
mal at P and Q ; prove that one diagonal of the parallelogram 
60 formed passes through the focus. 

98. The chord PQ is normal at P, and the tangents at P 
and Q meet in T ; prove that the straight line drawn from S at 
right angles to ST bisects QT. 

94. Through a given point within a parabola draw ft chord 
which shall be divided in a given ratio at that point. 

95. ABC is a portion of a parabola bounded by the axis AB 
and the semi-ordinate BC : find the point P in the semi-ordinate 
such that if PQ be drawn parallel to the axis to meet the parabola 
in Q, the sum of BP and PQ shall be the greatest possible. 

96. The diameter through a point P of a parabola meets the 
tangent at the vertex in Z ; the normal at P and the focal dis- 
tance of Z will intersect in a point at the same distance from the 
tangent at the vertex as P. 

97. Given a tangent to a parabola and a point on the curve, 
shew that the foot of the ordinate of the point of contact of the 
tangent drawn to the diameter through the given point lies on a 
fixed straight line. 

98. Find a point such that the tangents from it to a parabola 
and the lines from the focus to the points of contact may form a 
parallelogram. 

99. Two equal parabolas have a common focus ; and, from 
any point in the common tangent, another tangent is drawn to 
each ; prove that these tangents are equidistant from the common 
focus. 

100. Two parabolas have a common axis and vertex, and 
their concavities turned in opposite directions ; the latus rectum 
of one is eight times that of the other ; prove that the portion of 
a tangent to the former, intercepted between the common tan- 
gent and axis, is bisected by the latter. 



CHAPTER III. 



THE ELLIPSE. 



Def. An ellipse is the curve traced out by a point 
which moves in such a manner that its distance from a 
given point is in a constant ratio of less ineqiudity to it§ 
distance from a given straight line* 

Tracing the Curve. 

5L Let S be the focus, EX the directrix, and SX the 
perpendicular on EX from S, 




Divide SX at the point A in the given ratio ; the point 
A is the vertex. 

From any point E in EX, draw EAP, ESL, and 
through S draw SP making the angle PSL equal to LSN, 
and meeting EAP in P. 

Through P draw LPX perpendicular to the directrix 
and meeting EJSL in Z. 

Then the angle PSL=^LSN=SLP, 

.\ SP=PL. 
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Also PL : PK :: SA : AX, 

Hence SP : PK :: SA : ^X, 

and P is therefore a point in the conre. 

Again, in the axis XAN find a point A' such that 

SA' : AX :: SA : AX; 

this point is evidently on the same side of the directrix as 
the point A, and is another Tertex of the curve. 




Join EA' meeting PS produced in P, and draw 
P'L'K' perpendicular to the directrix and meeting ES 
inZ'. 

Then rL' : PK' :: SA : AX 

and the angle SL'P = rSA = USP ; 

:.PL' = SP. 

Hence P' is also a point in the curve, and PSP is a 
focal chord. 

By giving E a series of positions on the directrix we 
shall obtain a series of focal chords, and we can also, as in 
Art. (3), find other points of the curve lying in the lines 
KP, K'P', or in these lines produced. 

We can thus find any number of points in the curve. 

52. Dep. The distance A A is tJie mqjor axis. 
B. c. s. \ 
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The middle point G of AA' is called the centre of the 
ellipse. 

Jf through C the double ordinate BCB be dratcn, 

BB is called the minor axis. 

> 

Any straight line drawn through the centre^ and 
terminated by the curve, is called a diameter. 

The lines ACA\ BCB are called the principal dia- 
meter s, or, bri^y, the axes qf the curve. 

The line AG A' is also sometimes called the transverse 
axis, and BGB the corrugate axis. 

63, Pkop. I. If P be any point of an ellipse, and 
AA' the axis vnajor, and if PA, A'P, when prodticed, 
meet the directrix in E and F, the distance EF subtends 
a right angle at the focus. 

Draw PLK perpendicular to the directrix, meeting SF 
iD L, and the directrix in K. 
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Then PL : PK ;; SA : AX 

:: SP : PK% 

:.PL=SP, 

and the angle LSP = PLS= LSX, 

that is, FS bisects the angle ASP. 

.But, if PS be produced to P', ES bisects the angle 
ASP) 

.'. ESF 18 a right angle. 
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54 By help of the preceding theorem we shall now 
prove the existence of another focus and directrix corre- 
sponding to the yertex A. 

In A A' produced take a point X' such that A'X^AX, 
and in AA^ take a point S' such that A'S'^AS. 

Through X' draw a straight line «X/ perpendicular to 
the axis and let BP, FP produced meet this line in 
e and/ Join eS^ and fS\ 

Then eX : EX :: AX : AX 

AX : AX' 

FXifX] 

.\eX./X'=EX.FX=SX^=S'X^. 




Hence «/Sy is a right angle. 

Through P draw XPk parallel to the axis, meeting 
eS" and/S^ produced in L and I. 
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Then PL : Pk :: S'A : AX\ 

and PI : Pk :: 8 A : A'X' ; 

/. PL=PL 

Moreover, LS'l being a right angle, 

S'P=Pl, 

:, S'P : Pk :: S'A' : A'X', 

and the curve can be described by means of the focns 8 
and the directrix eX'. 

Hence also it follows that the curve is symmetrical with 
regard to BCB, and that it lies wholly between the tan- 
gents at .<4 and- .^'. 

If S'A be equal to AX^ the point A', and therefore the 
points 5' and X' will be at an infinite distance from S and A. 

Hence a parabola is the limiting form of an eHipsCi the 
axis major of which is indefinitely increased in magnitude, 
while the distance SA remains finite. 

55. Pkop. II. 1/ PN he the ordinate of any point 
Pofan ellipse, AC A' the axis major, and BCB the axis 
minor, 

PN^ : AN.NA' :: BC^ : A(P. 

Join PAy A'P, and let these lines produced meet the 
directrix in B and F. 




Then, 



and 



PN : AN :: BX : AX, 
PN : AN:: FX : A'X; 
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/. PN* : AN.NA' :: EX . FX : AX . AX 

::SX* : AX. AX, 

since ESIF is a right angle (Prop, l) ; that u^ PIP is to 
AN . NA' in a constant ratio. 

Hence, taking PiVomncident with BC, in which case 

AN=NA'=AC, 

BO : AC :: S2[^ : Ai.AX, 

and /. PN^ : AN. NA' :: B(P : AC 




This may be also written 

PN* : AC^-CN^ :: B(P : .4C2. 

Cob. If PM be the perpendicular from P on the axis 
minor^ 

CM=PN, PM=CN, 
and CM^ : AC^-P3P :: BC^ : AC^. 

Hence -4(7» : AC'-PJP :: ^C^ : CiJf.», 
and .-. AC^ : PJtf? :: BC^ : Bd^-CM^ 

or PM^ : JBJJf . JfJ5' :: AC^ : JBC*. 

56. Conversely, if a point P move in such a manner that^ 
PiV* is to AN .NA' in a constant ratio, PN being the distance 
of Pfrom the line joining two fixed points A^ A\ and N being 
between A and A\ the locus of P will be an ellipse of which A A' 
is the axis. 
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For, taking C as the middle point of AA\ draw BO at ri^ht 
angles to AA\ and such that BC^ is to ilC in the given con- 
stant ratio ; then, if any point N be taken in AA\ the corre- 
sponding point of the locus evidently coincides with, a point of 
the ellipse of which A C and BC are the semi-axes. 

It will be shewn in the Appendix that the definition of an 
ellipse is a property directly deducible from the relation 

PN^ : AN.NA' :: BC* : ACK 

67. Prop. III. ff ACA' he the axis vM^or, C the 
centre, 8 one qf the foci, and X the foot of the directrix^ 

CS : CA :: GA : CX :: SA : -4X, 

and CS : CX :: CS* : CA\ 



~T i i i I • 

A iS' C 8' A' . X' 



For S'A : SA :: AX' : AX 

/. SS' : SA :; AA' : AX, 
or CSiCAiiSA :AX. 

Again, SA' : SA :: AX' : AX; 

or C^ : CX :: /S4 : AX; 

v.CSiCA ::CA : CX, 
or CS.CX=CA\ 

Also Cy : C7X :: CS* : CS. CX 

:: CS^ : Ol". 
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58. Peop. IV. If S he a foctu, and B an extremity 
cfthe axis minora 

SB=ACBSid BC'^AS.SA. 

For, joining SB in the figure of Art 55, 

SB : CX :: SA : AX 

;: CA : CX, 

by the preyions Article, 

:.SB=CA. 

Also BC*=SB*-S(P=AC*-SC* 

^AS.SA\ 

59. Prop. V. 7%6 semi-lattu rectum SR is a third 
proportional to AC and BC 

For, Prop. II., 

SIP : AS.SA' :: BC^ : AC^; 
.-. SB^ : BC^ :: BC* : AC\ 
or SB:BC::BC:AC 

Cob. Since SB : SX :: SA : AX 

:: ^C7 : AC, 
it follows that SX. SC= SR.AC^ BC^ ; 
and hence also that 

SX : CX :: ^C* : AC*. 

60. Peop. "VI. 2%^ sum qfthe focal distances qfany 
point is eqiuU to the axis major. 

Let PN be the ordmate of a pomt P (Fig. Art 54), 
then 

SP : SP :: NX : NX\ 

:. SP+SP : SP :: XX' : iVX, 

or SP+SP '.XX v. SP: NX. 

:: aS4 : AX 

.'. SP+SP=AA'. 
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and 
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Cor. Since SP iNXi.SAiAX 

:: AC : CX; 

.\AC:SP::CX:NX, 

AC-SP : SP :: ON : NX, 

AC-SP:CN::SA : AX. 

AC-SP=S'P-AC; 
.\S'P-AG'.CNv.SA :AX. 

Mechanical Construction qf the Ellipse, 



Also, 



61. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board With a 
pencil pressed against the thread so as to keep it stretched ; 
the curye traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 

62. Prop. VII. 77ie sum of t?ie distances qf a point 
from the foci of an ellipse is greater or less than the 
major axis according as the point is outside or inside the 
ellipse. 

If the point be without ihe ellipse join SQ, S'Q, and 
take a point P on the intercepted arc of the curve. 




Then P is witlun the triangle SQS' and therefore, 
joinmg /SP, /S"P, 

SQ + S'Q >SP+ SP, Euclid i. 21 , 

i.e, SQ + S'Q:>AA', 
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If Q be within the ellipse, let SQ, S'Q produced meet 
the curye and take a point P on the intercepted arc 

Then Q is within the triangle SPS\ and 

.%SP+£rP:>SQ+S'Q, 

t.e. SQ+S'Q<AA\ 

63. Def. The cirde degcribed on the axi$ mqfor cu 
diameter is called the auxiliary circle. 

Prop. VIII. ff the ordinate NP cf an ellipse be pro- 
duced to meet the auxiliary circle in Q, 

PN : QN :: BC : AC. 
Yar^ Art. 55, 

PN^ : AN. NA' :: B(P : A(P, 
and, by a property of the circle, 

QN*=AN.NA'; 
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:. PN : QN :: BC : AC. 

C6r. Similarly, if PM the perpendicuUir on BB' meet 
in Q the circle described on BB' as diameter 

PM : Q'M :: AC : BC 

For PJiP : BM.MB :: AC^ : BC, 

and BM.MB^QMK 
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Properties of the Tangent and NormaL 

64 Peop. IX. The normal at any point bisects the 
angle between the focal distances qf thai point, and the 
tangent is equally inclined to the focal distances. 

Let the normal at P meet the axis in O; then, Art 16, 
SG : SP :: SA : AX, 
and S'G ; S'P :: SA : AX. 




Hence SG : S'G :: SP : S'P, 

and therefore the angle SPS' is bisected by PG, 

Also FPF' being the tangent, and GPF, GPF' being 
right angles, it follows that the angles SPF, S'PF' are 
equal, or that the tangent is equally inclined to the focal 
distances. 

Hence iiS'PhQ produced to Z, the tangent bisects the 
angle /SPZ. 

Cob. If a circle be described about the triangle SPS', 
its centre will lie in BCB, which bisects SS' at right 
angles ; and since the angles SPG, SPG are equal, and 
equal angles stand upon equal arcs, the point g, in which 
PG produced meets the minor axis, is a point in the 
circle. 
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Abo, if the tangent meet tiie minor axis in t^ the point t 
is on the same circle, since gPt is a right angle. 

Hence, Any point P qf an ellipse, the two foci, and 
ths points qf intersection qf the tangent and normal at P 
with the minor axis lie on the same circle. 

65. Pkop. X Sverp diameter is bisected at the 
centre and the tangents at the ends qf a diameter are 
parallel. 

Let PCp be a diameter, PiV, pn the ordinates of 
Pandj?. 




Then CN* : Cn* :: PN^ : pn* 

:: A(P- CN* : AC*-Cn\ Art. 56 ; 

/. CN^ : AC^ :: (7n« : ACK 

Hence 'CN=Cn and /. CP^Gp. 

Braw the focal distances; ihen, since Pp and SS' 
bisect each other in C7, the figure SPS'p is a parallelogram, 
and the angle 

8P8'^8pS\ 

But the tangents PT^ pt are equally inclined to the 
focal distances; 

.-. the angle SPT=S'pt, 

and, adding the equal angles CPSy CpS\ 

CPT= Cpt ; 

/. P7* and j?^ are parallel. 
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Cob. Since Sp and S'p are equally inclined to the 
tangent at j^, it follows that SP and Sp make equal angles 
with the tangents at P and p. 

66. Peop. XI. - The perpendiculars from the foci on 
any tangent meet th£ tangent on the auxiliary circle, and 
the semi-minor aads is a mean proportional between tkeir 
lengths. 

Let aS'F, S' Y' be the perptifndiculars ; join SP^-^xA let 
/SF, /S^'P produced meet in Z. 




The angles SPY, YPL being equal, and PY being 
common, the triangles are equal in all respects ; 

.-. PL=SP, SY= YL, 

and SL=SP+PL = S'P'hSP=AA'. 

Join GYf then (7 being the middle point of SS', and ITof 
/SX, Cr is parallel to /S"Z, 

and /. S'L = 2CY. 

Hence CY—AC, and Fis a point on the auxiliary circle. 

Similarly by producing SP,S'Y' it may be shewn that 
Y' is also on the auxiliary circle. 
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Let F^S' produced meet the circle in Z, and join Y'Z ; 
tben Y'YZ being a right angle, Y'Z is a diameter and 
passes through C, 




Hence the triangles SCZ, S'CY' are equal, and 
SY.S^T=8Y.SZ=AS.SA'^B(P. 

Cob. (1). If P' be the other extremity of the diameter 
through P, the tangent at P' is parallel to P F, and there- 
fore Zis the foot of the perpendicular from IS on the tangent 
atP'. 

CoE. (2). If the diameter DCD\ drawn parallel to the 
tangent at P, meet SP, S'P in E and E', PECY' is a 
parallelogram, for CY' is parallel to SP, and CE to P Y'; 

.\ PE=CY'=AC; 
and similarly PE' =CY=Aa 

67. Prop. XII. To draw tayigents from a given 
point to an ellipse. 

For this purpose we may employ the general construc- 
tion of Art (14), or the following. 
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Let Q be the given point; upon JSQ as diameter de- 
scribe a circle cutting the auxiliary circle in Y and Y'; 
YQ and Y^Q will be the required tangents. 

Producing SY to L so that FZ=/S'F, join S^L cutting 
the line YQ m P. 




The triangles SP F, LP Y are equal in all respects, 
since SY— YL and P IT is common and perpendicular 
to SL- ' 

/. SP^PL and S'L^S'P+PL^S'P^SP; 

but, joining CF, S'L = 2CF= 2AC ; 

/. SP+S'P=2AC, 

and P is therefore a point on the ellipse. 

Also the angle SP F= YPL, 

and .*. QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP'. 

Keferring to Art. 31, it will be seen that the construction is 
the same as that given for the parabola, the ultimate form of the 
circle being, for the parabola, the tangent at the yertext 
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68, Prop. XIIL ff two tangents be drawn to an 
eUip9e frofn an external pointy they are equally inclined 
to the focal distances qf that point. 

Let QP, QP be the tangents, SY, S F, SZ, SZ the 




perpendiculars from the foci on the tangents \ join YZ^ 
TZ\ 

Then, Art 66, SY. S' Y=SZ. S'Z ; 

.-. SY : SZ :: SZ' : ST. 

A circle can be drawn through the points SYQZ, since 
SYQ, SZQ are right angles; and YSZ and YQZ are 
equal to two right angles, as are also Y'SZ' and Y'QZ ; 
therefore the angle YSZ^Y'S'Z\ and the triangles YSZ, 
Y'8'Z' are similar. 

Hence the angle SZY^S'Y'Z'. 

But tSZY=SQY in. the same segment, and similarly 

S'Y'Z'^S'QZ\ 

therefore the angle SQP^SQP'. 

69. Dbf. EUipsea which have the same foci are called con- 
focal eUipses, 

If Q be a point in a confocal ellipse the normal at Q bisects 
the angle SQ^ and therefore bisects the angle POP, 

Hence, If from any point of an ellipse tangents are drawn 
to a confocal eUipae, these tangents are equally inclined to the 
normal at the point, 

Ey reference to the remark of Art. 40, it will be seen 
that this theo]*em includes that of Art 40 as a particular 
case. 
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70. Prop. XIV. If PT the tangent at P meet the 
axis mqjor in T, and PNbe the ordinate^ 




Draw the focal distances SPj S'P^ and the perpendicular 
SYon the tangent, and join NYy CY, 

Then, as m Art. 66, CY is parallel to S'P; therefore 
the angle 

€YP=^S'Pt^SPY 

since a circle can be drawn through the four points SYPN. 

Hence CYT^CNY, 

and the triangles CYT, CNYwce equiangular. 

Therefore CN : CY ;: CY \ CT 
or CN.CT^CY^^AC*. 

Cor. (1). CN. NT=^CN. CT-- CN^^AC^- CN* 

=-AN,NA\ 

GoR. (2). Hence it follows that tangents at the extre- 
mities qf a common ordinate qf an ellipse and its aux- 
iliary circle meet the axis in tJve same point. 

For, if NP produced meet the auxiliary circle in Q, 
and the tangent at Q meet the axis in T\ 

CN,Cr=C(^=AC\ . 

therefore T coincides with T. 
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And more generally it is evident that, J[f any nwnher 
qf ellipses be described having the same mayor axis, and 
an ordinate he drawn cutting the ellipses^ the tangents at 
the points of section tcUl all meet the common cucis in the 
same point. 

71. Pkop. XV. If the tangent at P meet the axis 
minor in t, and PN he the ordinate, 

Ct.PN=B(P. 

For, Ct : PN :: CT : NT, Fig. Art. 70, 

J. Ot.PN : PiV« :: CT,CN : CN.NT 

A(P : AN.NA', Cor. 1, Art. 70, 

BC : PN\ 

.-. Ct.PN^^BC. 

72. PEOPi XVI. Jf the normal at P meet the axes 
in O and g, and the diameter parallel to the tangent at P 
inF, 

' PF.PG=BC^,andPF.Pg^A(P. 

Let PNy PM, perpendiculars on the axes, meet the 
diameter in K and Z, and let the tangent at P meet the 
axes in 7* and/. 




Then, since a circle can be drawn through GFKN, 
PF.PQ=PN.PK=PN.Ct=^BG*. 

m 

B. C. S. ^ 
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Similariy, since a circle can be drawn through LMFg, 
PF.Pg=PM.PL==CN.CT^A(P. 

Cor. Since PGNy PgM are similar triangles, 
NG : PM :: PG : Pg 

:: PF.PG : PF.Pg 
:: B(P : AC, 
or NG ; CN :: B(P : A(P. 

Hence also 

CG : CN :: AC^-BC^ : AC' 
:: ^C : AC. 

73. Prop. XVII. 1/ PCp be a diameter, and Q VQ 
a chord parallel to the tangent at P and meeting Pp in V, 
and if the tangent at Q meet pP produced in T, 

CV,CT=CP\ 




Let TQ meet the tangents at P and pin R and r, and 
S being a focus, join SP, SQ, JSp, 
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Let fiedl peipendiculan EN, RM, m, rm upou these 
focal distances; 

then, sinoe the angle SPR-Spr, Cor. Art (66), 

BP : rp :: RN : rn 

:: RM : rm, Art 13, 

:: RQ : rQ; 

but 2!B : Tr :: -RP : rp. 

.\ TR : Tr :; RQ : r^. 




Hence TP : Tp :: PV j Tp, 

or CT-CP : CT+OP :: CP-CV : OP + CV; 

.\ CT : CP :: CP : CT, 
or CT.CF=^CP*. 

Cor. 1. Hence, since OF and CP are the same for the 
point Q", the tangent at Q' passes through T, 

CoE. 2. Since Tp : TP :: pV : VP, it follows that 
TP Vp is harmonically divided. 

It will be seen in Chapter X, that this is a particular 
case of a general theorem. 
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s Properties qf Conjiigate Diameters. 

74. Peop. XVIII. A diameter bisects all chords par- 
allel to the tangents at its extremities. 

We bare shewn (Art 16), that, if QQ^ be a chord of a 
conic, TQy TQ! the tangents at Q, Q!, and EPE a tangent 
parallel to QQ^, tbe.length EE is bisected at P. 

Draw the diameter PCp ; the tangent epef at /? is par- 
allel to EP, Art. (65), and is therefore parallel to QQ'. 




Hence ep =p^, and P, p being the middle points of the 
parallels ee\ EE the line Pp passes through T^ and more- 
over bisects QQ!. 

Similarly, if any other chord qc( be drawn parallel to 
QQ! the tangents at q and c( will meet in pP produced, 
and qq[ will be bisected hjpP. 

CoE. Hence, if QQ', qq" be two chords parallel to the 
tangent at P, the chords Qq, Q'q' will meet in CP or CP 
produced. 

75. Def. The diameter DCd^ drawn parallel to the 
tangent at P, is said to he corrugate to PCp. 

A diameter therefore bisects all chords parallel to its 
coiyugate. 

Peop. XIX. If the diameter DOd be conjugate to PCp, 
then mil PCp be conjugate to DCd. 

Let the chord Q Vq be parallel to DCd, and therefore 
bisected by PC, and draw the diameter qCB. 
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Join QB meeting CD in U; 
then EC=Cq, and QF= Vq; 

.-. QR is parallel to CP. 




Also QU : CTfl :: qC : 0«, 

and therefore Q U^ UK 

That is, CD bisects the chords parallel to PCp ; 
therefore PCp is conjugate to DCdU 

Dbf. Chords drawn from the extremities qf a dia- 
meter to any paint qf the ellipse are called supplemented 
chords. 

Thus qQf RQ are supplemental chords, and hence it 
ai^)ears that supplemental chords are parallel to conjugate 
dimeters. 

Def. a line Q V dravonfrom a point Qqfan ellipse, 
parallel to the tangent at P and terminated by the diame- 
ter PCpy is called an ordinate qfthat diameter, and Q Vq 
is the double ordinate if QF produced meet the curve 
in q, 

76. Pbop. XX. J[f PCp, DCd he conjugate diame- 
ters^ and QV an ordinate of Pp, 

QV^ : PF. Vp :: CI^ : CP^. 

Let the tangent at Q, fig. Art. 75, meet CP, CD pro- 
duced in Tand t, and draw QCT parallel to CP and meet- 
ing CD'mU. 
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Then CP^=CV.CT, 

and C72>a= CU.Ct^QV.Ct; 

,\ CI)» : CP2 :: QF.Ct : CF.CT 

:: QF2 : CF. FT, 
and CV. FT=rCV. CT-CV^^CP^-CV^ 

.-. CZ>2 : aP2 :: QV^ : PF. F^?. 

77. Pkop. XXI. JfACA\ BCB' he a pair qf c(ynju- 
gate diameters ^ PCP\ DCI/ another pair, and if FN, 
DM be ordinates qf ACA\ 

CN'^=AM.MA\ CM^=AN.NA', 

CM : PN :: AC : BCy 

and DM : CN :: EC : AC. 




Let the tangents at P and D meei AC A' in Tand t. 
Then CN. CT^AC^^CM. Ct ; 

hence CM : CN :: CT : Ct 

:: Pr : CD 
:: Pi\r : DM 
:: C7iV : 3fi?, 
/. CN^=:CM.Mt=AC^-'CM^=AM.MA\ 
and similarly, CM^^AN.NA'. 
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Also DM^ : AM. MA' :: B(P : AC\ 
.•• DM : CN :: ^C : ^(7, 
and similarly CM : PiV^ :i AC : BC, 




Cob. We haye shewn in the coarse of the proof that 

CN^-¥CM^=AC^. 

By similar reasoning it appears that if Pn, Dm, be or- 
dinates of BCR, 

Cn^+Cni?=BC^\ 

.\PN^+DM^=^BC\ 

It should be noticed that these relations are shewn to 
be true when ACA\ BCB^ are any conjugate diameters 
including of course the principal axes. 

78. Peop. XXII. Jf CPj CD he em^ugate semi-dia- 
meters, and AC, BC the principal semi-diameters, 

CP^+CD^=AC^+BC^. 

From the preceding article, 

CN^+CM^=AC\ 

and Pm+DM^=BC^i 

also ACB being in this case a right angle, 

PN^+CN^^CP^, 

and DM^^CM^^CD\ 

.'. CP^-^CD^=AC^+BC^ 



72 The Ellipse. 

79. Pkop. XXIII. If the normal at P meet the 
principal axes in G and g, 

PG : CD ;: BG ; AC, 

and Pg : CD :: AC : BC. 

For, the triangles DCM, PGN being similar, 

PG : CD :: PN : CM 

:: BC : AC. 




So also Pgn and DCM are similar, and 
Pg : CD :: Pw : DM 
:: ^C : BC. 

80. Pkop. XXIV. The parallelogram formed by the 
tangents at the ends qf corrugate diameters is equal to 
the rectangle contained by the principal axes. 

For, taking the preceding figure, 

PG : BC :: CD : AC; 

but PG : BC :: BC : PF, Art 72, 

.-. CZ) : AC :: -5C : PF, 

and CD.PF=:AC.BCy 

whence the theorem stated. 
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81. Prop. XXV. ff SP, STP he t/ie focal dUtanon 
ofP, and CDhe conjugate to CP, 

SP.S'P=CL». 

Let CD meet SP, £rP ia EandE" (fig. Art 66), and 
the normal at P in ^; then SPY, PEF, and S^PY' are 
similar triangles; 

\SP : SY:: PE : PF, 
and S^P : S'T :: PE : PF\ 

.'. SP.S'P : SY.S'Y' :: PE* : PF* 

:: AC* : PF* 
:: CD^ :BC*, Art. 80; 




.-. SP.S^P^CD". 

82. Prop. XXVI. If the tangent at P meet a pair 

qf corrugate diameters in T and t, and CD be coiyugate 

to CP, 

PT,Pt=CD'. 

Taking the figure of Art 77, 

PT : PN :; CD : DM; 

and, if TP produced meet CB in t, 

Pt : CN :: CD : CM; 

.-. PT. Pt : PN. CN :: CD* : DM. CM. 

But PN. CN=DM. CM, Art 77, 

:. PT.Pt=CD\ 
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^ Cob. Let TQV be the tangent at the other end of the 
chord PNQ^ meeting CB' produced in U', and let CE be the 
semidiameter parallel to TQ. 

Then TP'.TQ.iPt'. QIT, 

••. TP» :TQ*::PT.Pt:QT.QV 

that is, the two tangmU dnuumfrom, <my poirU are in the ratio of 
the pa/raUd diameters. 

83. .In a similar manner it can be shewn that, if the tangent 
at P meet the tangents at the ends of. a diameter ACA' in T 
andT', 

PT.PT^OB^ 

: CB being conj agate to OP, 

and AT.A'T^CS", 

CB being conjugate to ACA', 

These properties can be demonstrated by the help of Art. 77, and 
of the corollary to Art. 82. 

84. Equircortjugate diameters. 

Pkop. XXVII. The diagonals qf the rectangle formed 
by the principal axes are equal and conjugate diameters. 

For, joining AB, A'B, these lines are parallel to the 
diagonals CF, CE; and, AB, A'B being supplemental 




chords, it follows that C!Z>, CP are conjugate to each other. 
Moreover, they are equally inclined to the axes, and are 
therefore of equal length. 

OoE. 1. If Q r, Q Z7 be drawn parallel to the equi-con- 
jugate diameters, meeting«them in V and U, 
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if P' be the other end of the diameter PCP". 
Hence QV^-\-QlP=^CF^. 

Cor. 2. CP^-^CD^^AC^^BC^, (Art. 78); 

/. 2Ci»=-4C+5CT 

85. Prop. XXVIII. Pairs qf tangentt at right an- 
gles to each other inter sect on a fixed circle. 

The two tangents being TP, TP\ let S'P produced 
meet SYihe perpendicular on TP in JT. 




Then the angle PTir=STP=S'TP'; 

.". STTKis a right angle. 
Hence AA(P=S'K^=S'T^^ TK^ 

= 2CT2+2(7aS^, Euclid, n. 12; 
.-. CT^^AC^^BG\ 
and T lies on a fixed circle, centre d 

This circle is called the Director Circle of the Ellipse, 
and it will be seen that when the ellipse, by the elongation 
of SO from S is transformied into a parabola, the director 
circle merges into the directrix of the parabola. 
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86. Prop. XXIX. The rectangles contained hy the 
segmenU of any two chords which intersect each other are 
in the ratio qfthe squares qf the parallel diameters. 

Through any point in a chord OQQ^ draw the diame- 
ter OBB\ and lot CD be parallel to QQ', and CP con- 
jugate to CD, bisecting QQ' in F, 

Draw i? Z7 parallel to CD. 

Then CD^^BIP : CU^ :: CD^ : CP\ Art. 76, 

:: CD'-QV^ : CVK 

But Rm.ClPv.OV^iCV^i 

:, CL^ : cm :: CD^+OV^-QV^ : CV\ 




or CD^ : CD^+OJ^-QV^ :: CIP : CV^ 

:: CB^ : CO^) 
:, CD^ : OV^-QV^ :: CB^ : CO^-CB\ 
or CD^i OQ. OQf :: CR^ : OB, OR, 

Similarly if Oqq[ be any other chord through 0, and Cd 
the parallel semi-diameter, 

Cd^',0q,0q[ :: CB?^ : OB, OB' \ 

.-. OQ. OC ,0q.0q[ :: OD* : C^. 

This may otherwise be expressed thus, 
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The ratio qf t?ie rectangles of the segments depends 
only on the directions in which they are drawn. 

The proof is the same if the point O be within the 
ellipse. 

87. Peop. XXX. jy a circle intersect an ellipse in 
four points the several pairs of the chxyrds cf intersection 
are equally inclined to the axes. 

For if (QQ^9 q^ be a pair of the chords of intersection, 
and if these meet in O, or be produced to meet in O, the 
rectangles OQ,OQ\ Oq*Oq[ are proportional to the squares 
on the parallel diameters. 

But these rectangles are equal since QQ^, qq^ are chords 
of a circle. 

Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
that the chords QQ', qq[ are equally inclined to the axes. 

88. Conversely, if two chords, not parallel, be equally 
inclined to the axes a circle can be drawn through their 
extremities. 

For, as in Art. 87, if OQQ', Oqq^ be two chords, and 
C!Z>, Cd the parallel semi-diameters, 

0Q,0(^ \Oq.O^ '.iCLI'iCd^', 

but, if CD and Gd be equally inclined to the axes, they are 
equal, and 

.\0Q,0Qf=0q,0g^y 

and a circle can be drawn through the points Q, Q\ q, 
and q'. 
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1. If the tangent at £ meet the latus rectum produced in 
D, CDX is a right angle. 

2. If PCp be a diameter, and the focal diJBtance p8 produced 
meet the tangent at P in T, SP=ST. 

3. If the normal at P meet the axis minor in (?' and C^N be 
the perpendicular from Q' on SP, then PN=AC, 

4. TQ, TQ! are two tangents at right angles, and CT meets 
QQ! in 7; prove that VT=Q,V, and, by help of this equality, 
shew that the locus of T is a circle. 

5. The tangent at P bisects any strught line perpendicular 
to A A' and terminated by AP^ AP, produced if necessary. 

6. Draw a tangent to an ellipse parallel to a given line. 

7. 8R being the semi-latus rectum, if RA meet the dhrectrix 
in Ey and 8E meet the tangent at A in T, 

AT=AS. 

8. Vtovq ^taX &T \ SP \i 8R I PO, 
Find whcrre the angle 8P8' is greatest. 

9. If two points E ahd E^ be taken in the normal PQ such 
that PE=PE'= CD, the loci of ^ and ^ are circles. 

^ew that the sum of two conjugate diameters is greater than 
the siun of the axes, and that their difiference is less than the 
difference of the axes. 

10. If from the focus 5' a line be drawn parallel to 8P, it 
will meet the perpendicular 8 Yin. the circumference of a circle. 

11. If the normal at P meet the axis major in G, prove that 
PO is an harmonic mean between the perpendiculars from the 
foci on the tangent at P, 
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12. If tangeats TP, TQ be drawn at the extremities P, Q of 
aiiy focal chord of an eUipse, prove that the angle PTQ is half 
the Bupplement of the angle which PQ subtends at the other 
focus. 

13. If F, Z be the feet of the perpendiculars from the foci 
on the tangent at P ; prove that the circle circumscribed about 
the triangle TNZ will pass through C, 

14. If AQ be drawn from one of the vertices perpendicular 
to the tangent at any point P, prove that the locus of the point 
of intersection of PS and QA produced will be a circle. 

15. If the normal at P meet the axis major in G and the 
axis nunor in JT, prove that a circle can be drawn through the 
fod and through the points P, K, and that GK : 8K :: 8A : AX-^ 
shew also that^ if the tangent at P meet the axis minor in t, 

StitK:: BCiCJ), 

CD being conjugate to CP, 

16. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent at any point 
meet on the normal at the point and bisect it* 

17. If two drdes touch each other internally, the locus of 
the centres of droles touching both is an ellipse whose foci are 
the oeDtres of the given (nrcles. 

18. The subnormal at any point P is a third pn^xntional to 
the intercept of the tangent at P on the major axis and half the 
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19. If the normal at a point P meet the axis in G, and the 
tangent at P meet the axis in T, prove that 

TQ : TP :: BO : PG, 

Q being the point where the ordinate at P meets the auxiliary 
cirde. 

20. If the tangent at any point P meet the tangent at 
the extremities of the axis A A' in F and F', prove that the 
rectangle AF, A' F' is equal to the square on the semiaxis 
minor. 

21. TP^ TQ, are tangents; prove that a circle can be 
described with T as centre so as to touch SP^ HP, SQ, and BQ, 
at these lines produced, S and M being ihe foci 
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22. If two equal and similar ellipses have the same centre, 
their points of intersection are at the extremities of diameters at 
right angles to one another. 

23. The external angle between any two tangents to an 
ellipse is equal to the semi-smn of the angles which the chord 
joining the points of contact subtends at the foci. 

24. The tangent at any point P meets the axes in T and t ; 
if i9 be a focus the angles PStf STP are equal. 

25. P is a pohit in an ellipse, PM, PN perpendicular to the 
axes meet respectively when produced the circles described on 
these axes as diameters in the points Q, Q^; shew that QQ^ passes 
through the centre. 

2'6. If 8Y is a perpendicular from the focus 8 on the tangent 
at P and CD a diameter conjugate to CPf 

ST,CJ>=SP.BC. 

27. A conic is drawn touching an ellipse at the extremities 
A, B of the axes, and passing through the centre C of the ellipse; 
prove that the tangent at C7 is parallel to AB, 

28. The tangent at any pohit P is cut by any two conjugate 
diameters in T, t, and the points T, t, are joined with the foci 8^ 
^respectively; prove that the triangles SPT^ HPt are similar 
to eacii other. 

29. If the diameter conjugate to OP meet 8P^ and HP (or 
these produced) in E and E'^ prove that 8E is equal to HE\ and 
that the circles which orcumscribe the triangles SGE^ HGE^ are 
equal to one another. 

30. PQ is a normal, terminating in the major axis; the 
circle, of which PQ is a diameter, cuts 8Py HP, in K^ Z, 
respectively : prove that KL is bisected by P(7, and is perpen- 
dicular to it. 

81. P bung a point on the curve, the locus of the centre of 
the circle inscribed in the triangle SPH is an ellipse. 

32. Tangents are drawn from any point in a circle through 
the fod, prove that the lines bisecting the angle between the 
tangents all pass through a fixed point. 
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33. If a quadrilateral drcmnioribe an ellipM, the aDglef 
•ubtended by opponte sides at one of the foci are together equal 
to two right angles. 

34. If the normal at P meet the axis minor in O^ and if the 
tangent at P meet the tangent at the vertex ^ in F, shew that 
SOiSCi.PV'.VA. 

35. i^ Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles ; prove that 
the tangents at P, Q are inclined at an angle which is equal to 
the angle subtended by PQ ^^ either focus. 

36. The transverse axis is the greatest and the conjugate 
axis the least of all the diameters. 

37. If the tangent and ordinate at P meet the transverse 
axis. in T and Nj prove that any circle passing through N and T 
will cut the auxiliaiy circle orthogonally, 

38. If 8Yt S'Y' he the perpendiculars from the foci on the 
tangent at a point P, and PN the ordinate, prove that 

PYiPTiiNYiNT. 

39. If a circle, passing through Y and Z, touch the major 
axis in Q, and that diameter of the circle, which passes through 
Q, meet the tangent in P, then PQ=BC. 

40. Two common chords of a given ellipse and a circle pass 
through a given point ; shew that the locus of the centres of all 
such circles is a straight line through the given point. 

41. Two conjugate diameters are cut by the tangent at any 
point P in M, N; prove that the area of the triangle CPM varies 
inversely as that of the triangle CPN. 

42. If P be any point on the curve, and il F be drawn 
parallel to PC to meet the conjugate CD in F, prove that the 
areas of the triangles CAV^ CPN are- equal, PM being the 
ordinate. 

43. CP and CD are conjugate semi-diameters; PQ is a 
chord parallel to one of the axes : shew that DQ is parallel to one 
of the straight lines which join the ends of the axes. 

B. G. S. ^ 
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44. Prove that the distance between the two points on the 
circumference, at which a given chord, not passing through the 
centre, subtends the greatest and least angles,' is equal to the 
diameter which bisects that chord. 

45. The tangetit'ab P intersects a fixed tangent in T; VL 8x9 
the focus and a line be drawn through S perpendicular to ST, 
meeting the tangent at P in Q, ^shew that the locus of Q is a 
straight line touching the ellipse. 

46. Shew that, if the distance between the foci be greater 
than the length of the axiiEi minor, there will be four positions of 
the taDgent, for which the area of the triangle, included between 
it and the straight lines drawn from the centre of the curve to 
the feet of the perpendiculars from the fod on the tangent, will 
be the greatest possible. 

47. Two ellipses whose axes are equal, each to each, are 
t>laced in the same plane with their centres coincident, and axes 
inclined to each other. Draw their common tangents. 

48. An ellipse is inscribed in a triangle, having one focus at 
the orthocentre ; prove that the centre of the ellipse is the centre 
of the nine-point circle of the triangle and that its transverse axis 
is equal to the radius of that circle. 

49. The tangent at any point P of & circle meets the tan- 
gent at a fixed point A in T, and T is joined with B the extre- 
mity of the diameter pasang through A ; the locus of the point 
of intersection of AP, BT is an ellipse. 

50. K PO, the normal at P^ cut the major axis in Q, and if 
DR, PN be the ordinates of D and P, CD being conjugate to 
CP, prove that the triangles PQN^ DRC are similar; and thence 
deduce that PG bears a constant ratio to CD, 

51. The ordinate NP at a point P meets, when produced, 
the circle on the major axis in Q. If jS be a focus of the ellipse, 
prove that SQ : SP :: the axis major : the chord of the circle 
through Q and S^ and that the diameter of the ellipse parallel to 
SP is equal to the same chord. 

52. If the perpendicular from the centre O on the tangent 
at P meet the focal distance SP prodaced in Rj the locus of R is 
a circle, the diameter of which is equal to the axis major. 
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SB. A perfectly elastic billiard ball lies on an elliptical liil- 
liard table, and is projected in any direction along the table: 
shew that all the lines in which it moves after each successive 
impact ionch an ellipse or an hyperbola confocal with the biUianl 
table. 

54. Shew that a circle can be drawn through the foci and 
the intersections of any tangent with the tangents at the vertices. 

55. Any diameter is a mean proportional between the trans- 
verse axis and the focal chord parallel to the diameter. 

56. If CP, CD be conjugate semi-diameters, and a rectangle 
be described so as to have PJ) for a diagonal and its sides paral- 
lel to the axes, the other angular points will be situated on two 
fixed straight lines passing through the centre C, 

57. If the tangent at P meet the minor axis in T, prove 
that the areas of the triangles SPS', STS" are in the ratio of 
the squares on CD and ST, 

58. Find the locus of the centre of the circle touching the 
transverse axis^ SP, and S'P produced. 

59. In an ellipse SQ and S^Q, drawn perpendicularly to a 
pair of conjugate diameters, intersect in Q ; prove that the locus 
of Q is a concentric ellipse. 

60. If r be the angle between two tangents at the ends of 
a focal chord, and S the angle subtended by the chord at the 
other focus, 2T+S is equal to two right angles. 

61. If CQ be conjugate to the normal at P, then is CP 
conjugate to the normal at Q. 

62. PQ is one side of a parallelogram described about an 
ellipse, having its sides parallel to conjugate diameters, and the 
lines joining P, Q to the foci intersect in D, IS; prove that the 
points D, E and the foci lie on a circle. 

63. If the centre, a tangent, and the transverse axis be 
given, prove that the directrices pass each through a fixed point. 

64. The straight line joining the feet of perpendiculars from 
the focus on two tangents is at right angles to the line joining 
the intersection of the tangents with the other focus. 

65. A circle passes through a focus, has its centre on the 
major axis of the ellipse, and touches the ellipse : shew that the 
straight line from the focus to the point of contact is equal to the 
latus rectum. 



84 The Ellipse. 

66. Prove that the perimeter of the quadrilateral formed by 
the tangent, the perpendiculars from the foci, and the transverse 
axis, will be the greatest possible when the focal distances of the 
point of contact are at right angles to each other. 

67. Given a focus, the length of the transverse axis, and 
that the second focus lies on a straight line, prove that the 
ellipse will touch two fixed parabolas having tiie given focus 
for focus. 

68. From any point on one of the equi-conjugate diameters 
two tangents are drawn ; prove that the circle passing through 
the point and the two points of contact will also pass through the 
centre. 

69. If PN be the ordinate of P, and if with centre C and 
radius equal to PN a circle be described intersecting PN in Q, 
prove that the locus of Q is an ellipse. 

70. li AQOhQ drawn parallel to CPy meeting the curve in 
Q, and the minor axis in 0, 2CP^=A0 , AQ. 

71. PS is a fo ?al distance ; CR is a radius of the auxiliary 
circle parallel to PS, and drawn in the direction from P to S; 
SQ is a perpendicular on CR: shew that the rectangle contained 
by SP and QR is equal to the square oh half the minor axis. 

72. If a focus be joined with the p')int where the tangent at 
the nearer vertex intersects any other tangent, and perpendiculars 
be let fall from the other focus on the joining line and on the 
last-mentioned tangent, prove that the distance between the feet 
of these perpendiculars is equal to the distance from either focus 
to the remoter vertex. 

73. A parallelogram is described about an ellipse; if two 
of its angular points lie on the directrices, the other two will lie 
on the auxiliary circle. 

74. From a point in the auxiliary circle straight lines are 
drawn touching the ellipse in P and P" ; prove that SP is parallel 
to S'P'. 

75. If the tangent and normal at any point meet the axis 
major io T and G respectively, prove that 

CG . CT= CS*, 

76. Find the locus of the points of contact of tangents to a 
series of confocal ellipses from a fixed point in the axis major. 
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77. A series of coDfocal ellipses intersect a, given straight 
line ; prove that the locus of the points of intersection of the 
pairs of tangents drawn at the extremities of the chords of inter- 
section is a straight line at right angles to the given straight line. 

78. Given a focus and the length of the major axis; de- 
scribe an ellipse touching a given straight line and passing through 
a given point. 

79. Given a focus and the length of the major axis; de- 
scribe an ellipse touching two given straight lines. 

80. Find the positions of the foci and directrices of an ellipse 
which touches at two given points P, Q, two given straight lines 
POf QO, and has one focus on the line PQ, the angle POQ being 
less than a right angle. 

81. Through any point P of an ellipse are drawn straight 
lines APQt A'PRy meeting the auxiliary circle in Q, R, and ordi- 
nates Qq^ Rr are drawn to the transverse axis ; prove that, L being 
an extremity of the latus rectum, 

A<i . A'r : Ar . A'q :i AC^ : 8LK 

82. If a tangent at a point P meet the major axis in T, and 
the perpendiculars from the focus and centre in Fand Z, then 

TY^ : Pya :: TZ : PZ. 

83. An ellipse slides between two lines at right angles to 
each other; find the locus of its centre. 

84. TP, TQ are two tangents, and CP', CQ^ are the radii 
from the centre respectively parallel to these tangents, prove that 
PQ' is parallel to PQ. 

85. The tangent at P meets the minor axis in t; prove that 

St.PN^BC . CD. 

86. If the circle, centre t, and radius tS, meet the ellipse in 
Q, and QM be the ordinate, prove that 

QM '. PN :: BO : BC+CD, 

87. Perpendiculars SY, 8'Y* are let fall from the foci upon 
a pair of tangents TY, TT; prove that the angles STY, S'TY' 
are equal to the angles at the base of the triangle YCY\ 
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88. PQ is the chord of an ellipse normal at P^ LCV the 
diameter bisecting it, shew that PQ, bisects the angle LPL' and 
that LP+PL' is constant. 

89. ABC is an isosceles triangle of which the side AB \% 
equal to the side AC. BD, BE drawn on opposite sides of BC 
and equally inclined to it meet AC in. D and E, If an ellipse is 
described round BDE having its axis minor parallel to BC, then 
AB will be a tangent to the ellipse. 

90. If A bo the extremity of the major axis and P any 
point on the curve, the bisectors of the angles PSA, PS' A meet 
x>n the tangent at P. 

91. If two ellipses intersect in four points, the diameters 
parallel to a pair of the chords of intersection are in the same 
ratio to each other. 

92. From any point P of an ellipse a straight line'i'Qis 
drawn perpendicular to the focal distance SP, and meeting in Q 
the diameter conjugate to that through P; shew that PQ varies 
inversely as the ordinate of P, 

93. If a tangent to an ellipse intersect at right angles a tan- 
gent to a confocal ellipse, the point of intersection lies on & fixed 
circle. 

94. If a circle be drawn through the foci of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the 
ellipses at P and Q will intersect on the circumference of the 
same circle. 

95. If any two points P, Q be given io an ellipse, prove that 
a third point.i2 may be found so that the angle PRQ is a maxi> 
mum by the following construction. Draw a tangent parallel to 
PQi touching the ellipse in JT, and draw Kit perpendicular to the 
major axis, cutting the curve again in E, 

96. Through the middle point of a focal chord a straight 
line is drawn at right angles to it to meet the axis in B ; prove 
that SR bears to SC the duplicate ratio of the chord to the dia- 
meter parallel to it, S being the focus and C the centre. 

97. The tangent at a. point P meets the auxiliary circle in 
Of to which corresponds Q on the ellipse; prove that the tangent 
at Q cuts the auxiUary circle in the point corresponding to P» 
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98. If a cbord be drawn to a series of concentric, similar, 
and similarly situated ellipses, and meet one in P and Q, and if 
on PQ as diameter a circle be described meeting tbat ellipse again 
in RS, shew that MS is constant in position for all the ellipses, 

99. An ellipse tenches the sides of a triangle; prove that if 
one of its foci move along the arc of a circle passing through two 
of the angular points of the triangle, the other will move along 
the arc of a circle through the same two angular points. 

100. The normal at a point P of an ellipse meets the con- 
jugate axis in K, and a circle is described with centre K and pass- 
ing through the fod 8 and JJ. The lines SQj HQ, drawn through 
any point Q of this circle, meet the tangent at P in T and t ; 
prove that T and < lie on a pair of conjugate diameters. 



CHAPTER IV. 



THE HYPERBOLA. 



Definition. 

An hyperbola is the curve traced by a point which 
moves in such a manner, that its distance from a given 
point is in a constant ratio of greater inequality to its 
distance from a given straight line. 

Trancing the Curve, 

89. Let 8 be the focus^ EX the directrix^ and A the 
vertex. 




Then, as in Art 2, any number of points on the curve 
may be obtained by taking successiye positions of E on the 
directrbL 
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In SX prodaoed, find a point A^ snoh that 

SA' : A'X :: SA : AX, 

then A^ is the other vertex as in the ellipse^ and, the 
eccentricity being gpreater than unity, the points A and A' 
are evidently on opposite sides of the directrix. 

Find the point P corresponding to E, and let A'E, PS 
produced meet in P', then, if P'X' perpendicular to the 
directrix meet SE produced in L', 

P'L' : P'K' :: SA' : AX 
:: SA : AX, 
and the angle 

p'rs=L'sx=rsp'; 

/. SP'=P'L\ 

Henoe P^ is a point in the curve, and PSP' is a focal 
chord. 

Following out the construction, we observe that, since 
SA is greater than AX, there are two points on the 
directrix, e and e^, such that Ae and Ae^ are each equal to 
AS. 

If E coincide with e, the angle 

QSL=LSN=ASe=AeS. 




Hence SQ, AP are parallel, and the corresponding 
point of the curve is at an infinite distance ; and similarly 
the curve tends to infinity in the direction Ae'. 
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Farther, the angle ASE is less or greater than AES, 
according as the point E is, or is not, between e and e". 

Hence, when E is below e, the curve lies above the 
axis, to the right of the directrix ; when between e and X, 
below the axis, to the left; when between X and ^, above 
the axis to the left ; and when above e\ below the axis, to 
the right Hence a general idea can be obtained of the 
form of the curve, tending to infinity in four directions, as 
in the figure of Art. 98. 



Definitions. 

The line AA' is called the transverse axis of the 
hyperbolcu 

The middle point, Cy of A A' is the centre. 

Any straight line, drawn through C7, and terminated 
by the curve is called a diameter. 

90. Peop. I. ffP he any point of an hyperbola, and 
A A its transverse axis, and ifA'P, and PA produced, 
(or PA and PA' produced) meet the directrix in E and 
F, EF subtends a right angle at the focus. 

Let PKL, perpendicular to the directrix, meet SF 
produced in Z. 




Then 



or 



PL : SA' :: PF : A'F 
:: PK : A'X, 
PL : PK :: SA' : A'X; 
.-. JSP = PL, 
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91 



and the angle 

LSP=PLS=LSX, 

Similarly, if P/S^ be produced to P", ES bisects the 
angle ^^P"; 

.*. ESFSa a right angle. 

91. We shall now prove the existence of another focus 
and directrix corresponding to the vertex A\ 

In AA' take a point X" such that A'X*-AXy and 
through X' draw a straight line perpendicular to AA\ 
Also in 8 A' produced, take a point ^ such that^'AS^=^4S'. 

Let A'P and PA produced meet the perpendicular 
through X' in /and ^, and join S'e^ Sy. 




Then eX' : EX :: AX' : AX, 

:: FX : /X'; 

.-. eX'.fX'=EX, FX==SX^=S'X\ 

Hence eS'f\& a right angle. 

Through P draw PKO parallel to the axis meeting 
EX, eX' in JT, O, and eS\ S'f produced in Z and ^ ; 
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then PL : PG :: S'A : AX\- 

and PI : PG :: S'A' : ^'X'; 

.-. PL=^Pl; 

and, Z/S^^ being a right angle, 

S'P=PL=Pl; 

.'.S'P : PG ::S'A' : A'X' ; 

and the curve can be described by means of the focus S" 
and directrix eX\ 

Hence it follows that the curve is symmetrical with 
iregard to the point Cy and that it lies wholly without the 
tangents at the vertices A and A\ 

92. Pbop. II. If PN he the ordinate of a point P, 
and AC A' the transverse aanSy PN' is to AN, NA' in a 
constant ratio. 

Join AP^ A'P^ meeting the directrix in E and P, 
^^, Art. 90. 

Then PN : AN :: EX : AX, 

and PN : A'N:: FX : A'X\ 

:, PN^ : AN,NA' :: EX.FX : AX.A'X 

:: SX' : AX.A'X, 

Since E8F\& a right angle; that is, PN' is to AN, NA\ 
in a constant ratio. 

Through C, the middle point ofAA\ draw OB at right 
angles to the axis, and such that 

BC^ : AC^ :: SX^ : AX. AX; 
then PN' : AN.NA' :: BC^ : A(P, 

or PN^ : CN'-AC^ :: BC^ : AC. 

Cor. If PM be the perpendicular from P on BC, 
PM==CN,sjidPN=CM; 
; .\ Cif : PIP- AC':: BC : ^IC^ 
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or cm : B(P :: PM^-AC^ : AC*; 

/. CAP-^BO* : BC^ :: PM* : AC*, 
or PJkn : CJfP+BC* :: -4C« : BC*. 

Conyersely, if a point P move in each a murner that PN* Is 
to ^iV . NA' in a constant ratio, PN being the distance of P 
from the line joining two fixed points A and A\ and N not being 
between A and ^', the locus of P is an hyperbola of wliich AA' 
is the transverse axis. 

93. If we describe the circle on A A' as diameter, 
which we may term for convenience, tfie aiunliary circle, 
the rectangle AN,NA' is equal to the square on the 
tangent to the circle from N, 

Hence the preceding theorem may be thus expressed: 

Ths ordinate cf an hyperbola is to the tangent from 
its foot to the auxiliary circle in the ratio qfthe conjugate 
to the transverse axis, 

Dbf. J[f CBf be taken equal to CB, on the othsr side of 
the axis, the line BGB* is called the conjugate axis. 

The ttoo lines AA\ BR are the principal ojces of ths 
curve. 

When these lines are equcd, the hyperbola is said to be 
equilateral, or rectangular. 

The lines AA', BB^ are sometimes called migor and 
minor axes, but, as AA' is not necessarily greater than 
BB, these terms cannot with propriety be generally em- 
ployed. 

• 

94. Peop. III. If AC A' be the transverse axis, C 
the centre, S one of the foci, and X the foot of the 
directrix, 

CS : CA :: CA : CX :: SA : AX, 
and CS : CX :: CS^ : CA\ 

Interchanging the positions of 8 and X for a new 

S' A' X' b X A 8 
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figure, the proof of these relations is identical with the 
proof given for the ellipse in Art. 67. 

96. Prop. IV. If S he a focusj and B an extremity 
of the conjugate cucis, 

BC^ = AS.SA', and 8C^ ^AC^-^ BC\ 

Referring to Art. (94), SX= SA + AX; 

.-. SX : AX :: SA + AX : AX, 
:: SC+AG : AC; 
and similarly 

SX : AX :: SG-AC : AG; 
.'. SX^ : AX. AX :: SG^-AG^ : AG\ 
But BG^ : AG^ :: SX^ : AX,A'X; 
.'. BG^=SG^-'AG'=AS.SA\ 

Hence SG^=AG''+BG^=AB^; 

i. e. SG is equal to the line joining the ends of the axes. 

96. Peop. V. The difference of the focal distances of 
any point is equal to the transverse axis. 

For, if PKK\ perpendicular to the directrices, meet 
them in K and A"', 

S'P : PK' :: SA : AX, 

and SP : PK :: SA : AX\ 

.-. SP-SP : KK :: SA : AX, 

:: AA : X-T', Art. 93. 

.-. S'P-SP=AA\ 

Cor. 1. SP : iVX :: ^(7 : GX; 

.-. /SP : AG :: NX : GX; 
.'. SP+AG: AG :: CiV : GX, 
or SP+AG : CiV :: /S'^ : ^X 

Hence also aS^P-^C : GN :: /S4 : AX. 



The Hyperbola. 95 

Cor. 2. Hence alto it can be easily sheum, that the 
difference qf the dietancee qf any point from the foci of 
an hyperbola^ i» greater or lees than the transverse CLxis^ 
according as the point is within or toithout the concave 
side qf the curve, 

97. Mechanical Construction qf the Hyperbola. 

Let a straight rod S'L be moveable in the plane of the 
paper about &e point S\ Take a piece of string, the 




length of which is less than that of the rod, and fasten one 
end to a fixed point S, and the other end to Z, then press- 
ing a pencil against the string so as to keep it stretched, 
and a part of it PL in contact with the rod, the pencil will 
trace out on the paper an hyperbola, having its foci at S 
and S'y and its transverse axis equal to the difference be- 
tween the length of the rod and that of the string. 

This constniction gives the right-hand branch of the 
curve ; to trace the other branch, take the string longer 
than the rod, and such that it exceeds the length of Uie 
rod by the transverse axis. 

We may remark that by taking a longer rod MS^L, and 
taking the string longer than SS'+S'L, so that the 
point P will be always on the end S'M of the rod, we shall 
obtain an ellipse of which S and S' are the foci. More- 
over, remembering that a parabola is the limiting form of 
an ellipse when one of the foci is removed to an infinite 
distance, the mechanical construction, given for the para- 
bola, will be seen to be a particular case of the above. 
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The Asymptote. 

98. We have shewn in Art. (89) that if two points, e 
and €^, be taken on the directrix such that 

Ae=A€^=AS, 

tl^e lines eA, efA meet the corye at an infinite dis- 
tance. 

These lines are parallel to the diagonals of the rect- 
angle formed by the axes, for 

Aef : AX :: AS : AX, 

SC : AG, Ari (93), 

AB : AC, Art (95). 

Definition. The diagonals of the rectangle formed 
"by the principal axis are called the asymptotes. 

We observe that the axes bisect the angles between the 
asymptotes, and that if a double ordinate, PNP', when 
produced, meet the asymptotes in Q and Q^, 

pq=p'q. 

The figure appended will giye the general form of the 
curve and its connection with the asymptotes and the 
auxiliary circle. 
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99. Prop. YI. The asymptoteit intersect the directriccn 
in the same points cu the atixUiary circle, and the lines 
joining the corresponding foci with the points of inter- 
section are tangents to the circle. 

Let the asymptote OL meet the directrix in Z>, and 
jom 8D ; fig. Art (98). 

Then CD : CX :: CL : CA 

:: 8C : CA, Art. 94, 

:: CA : CX ; 

:. CD=CAy and D is on the auxiliary circle. 

Also 

CS.CX-^CA^^Ciy; 

.'. CDS IB a right angle, and SD is the tangent at D. 
Cob. CD'^SD'=CS*=AC^-\-BC% Art. 95; 

.-. SD=£a 

100. An asymptote may also be characterized as the ultimate 
position of a tangent when the point of contact is removed to an 
infinite distance. 

It appears from Art. (7) that in order to find the point of 
contact of a tangent drawn from a point T in the directrix, we 
most join T with the focus S, and draw through S a straight line 
at right angles to ST ; this line will meet the curve in the point 
of contact. 

In the figure of Art. (98) we know that the straight line through 
^t parallel to eA or (7Z, meets the curve in a point at an infinite 
(listance, and also that this straight line is at right angles to SIK 
since 8D is at right angles to CD. Hence the tangent from D, 
that is the line from D to the point at an infinite distance, is 
peipendicular to DS and therefore coincident with CD. 

The asymptotes therefore touch the curve at an infinite 
distance. 

101. Dbp. Jf an hyperbola be described, having for 
i^ transverse and conjugate a^es, respectively, the con- 
jugate and transverse axes of a given hyperbola, it is 
called the conjugate hyperbola, 

B. c. s. 1 
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It is evident from the preceding article that the conju- 
gate hyperbola has the same asymptotes as the original 
hyperlrola, and that the distances of its foci from the centre 
are also the sama 

The relations of Art (92) and its Corollary are also tnie, 
mutatis mutandis, of the conjugate hyperbola ; thus, in 
Art (92), if P be a point in the coigugate hyperbola, 

PM^ : CM^-BC* :: AC* : BC*, 

and CM* : PM*-^AC* :: BC* : AC\ 

Def. a straight line drawn through the centre and 
terminated by the corrugate hyperbola is also called a 
diamster qfthe original hyperbola. • 

102. Paop. VII. Jf from any point Q in one (^ the 
asymptotes, two straight lines QPN, QBM be drawn at 
right angles respectively to the transverse and conjugate 
axes, and meeting the hyperbolain P,p, and the conju- 
gate hyperbola in B, r, 



and 



QP.Qp=BC\ 
QB,Qr=AC*. 




For QN* : BC* :: CIP lAC*; 

.-. QHP'BC* : BC* :: CN*-AC* : AC* 

:: PN* : BC*; 



or 
le. 
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QP.Qp=BC\ 
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Similarly, Q3P : AC* :: CM* : BC*; 

/. QIi*-AC* : AC* :: CAP^BG* : -5(7*, 

:: i2if» : -4C; 

.-. QAP-BAP=AC*, 

or QB.Qr^AC*. 

Tbese relations may also be given in the form, 

QP.Pq^BC*, QB.Bq'=AC*. 

Cos. If the point Q be taken at a greater distance 
hom Cf the length QN and therefore Qp will be increased 
and may be increased' indefinitely. 

But the rectangle QP.Qp is of finite magnitude; 
hence QP will be indefinitely diminished, and the carve* 
therefore, as it recedes from the centre, tends more and 
more nearly to coincidence with the asymptote. 

A fhr&er illustration is thus given of the remarks in 
Art (100). 

103. If in the preceding figure the line Qq be pro- 
duced to meet the conjugate hyi)erboIa in JS and e, it can 
be shewn, in the same manner as in Art (102), that 

QE.Qe=BC*; 
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and this equality is still true when the line Qq lies between 
Cand A, in which case Qq does not meet the hyperbola. 



Properties of the Tangent and Normal. 

104. Peop. VIIL The tangent at any point bisects 
the angle between the focal distances of tJiat pointy and the 
normal is equally inclined to the focal distances. 

Let the normal at P meet the axis in (r. 

Then, Art. (15), 

SG : SP :: SA : AX, 

and S'G : SP :: SA : AX ; 

/. SG : S'G :: SP : SP; 

and therefore the angle between SP and S'P produced is 
bisected by PG. 

Hence PTthe tangent, which is perpendicular to PG, 
bisects the angle SPS\ 

Cor. 1. If Py and GP produced meet, respectively, 
the conjugate axis in t and g, it can be shewn, in exactly 
the same manner as in the corresponding case of the ellipse, 
Art. 64, that the circle which circumscribes SPS' ialso 
passes through t and g. 

Cor. 2. If an ellipse be descinbed having S and S' for 
its foci, and if this ellipse meet the hyperbola in P, the 
normal at P to the ellipse bisects the angle SPS\ and 
therefore coincides with the tangent to the hyperbola. 

Hence, if an ellipse and an hyperbola be confocal, that 
is, have the same foci, they intersect at right angles, 

105. Prop. IX. Every diameter is bisected at the 
centre, and the tangents at tJve ends of a diameter are 
parallel. 

Let PGp be a diameter, and PN, pn the ordlnates. 

Then CIP : M :: PIP : pn\ 

:: CN^-AC^ : Cn^-AC; 
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hence 


CN=Cn, 


and 


.-. CP=Cp. 
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Again, if PT, pt be the tangents, 

The triangles PCS, pCS' are equal in all respects, 
and therefore SPS'p is a parallelogram. 

Hence the angles SPS', 8pS' are equal, and therefore 
8PT=S'pt. 

But 8PC=S'pCy 

.'. the difference TPC=ihQ difference tpG, and PT 
is parallel to pt. 

It can be shewn in exactly the same manner, that, if 
the diameter be terminated by the conjugate hyperbola, 
it is bisected in Cy and the tangents at its extremities are 
parallel. 

GoB; The distances aSP, Sp are equally inclined to the 
tangents at P and p. 

106. Peop. X 77ie perpendiculars from the foci 
on any tangent meet the tangent on the auxiliary dircle, 
and th>e semi-conjugate axis is a mean proportional be- 
tween their lengths. 

Let SYy S'Y' be the perpendiculars, and let SY pro- 
duced meet S'P in L. 

Then the triangles SP Y, LP Y are equal in all re- 
spects, 

m^SY=^LY. 
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Hence, C being the middle point of SS' and F of SL, 
CYiB paraUel to S'L, and S'L=^2CY. 




But S'L=S'P-PL=S'P''SP=2AC; 

/. CY=AC, 

and y is on the auxiliary circle. 

So also F' is a point in the circle. 

Let aS'F produced meet the circle in Z, and join T'Z ; 
then, Y'YZ being a right angle, ZF' is a diameter and 
passes through C. Hence, the triangles SCZy SVY' being 
equal, 

S'Y' = SZy 

and SY.8'Y'=SY.SZ=SA.SA'=BCK 

Cob. 1. If P* be the other extremity of the diameter 
P(7, the tangent at P' is parallel to PF, and therefore Z 
is the foot of the perpendicular from S on the tangent 
atP'. 

Cob. 2. If the diameter DCS^, drawn parallel to the 
tangent at P, meet /S'P, aSP in -^ and E\ PEGY is a 
parallelogram ; 

.-. PE=CY=AG, 

and so also PE'^CY'^ACL 

107. Prop. XI. To draw tangents to an hyperbola 
from a given point 
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The oonrtniotion of Art (14) may be employed, or, as in 
the cases of the ellipse and imrabola, the following. 

Let Q be the given point ; join SQ, and upon SQ as 




diameter describe a drde intersecting the auxiliary curcle 
in yand F'; 

QFand QF" are the required tangents. 

Producing SY to Z, so that YL=SY, draw S'L 
cutting QYiaPy and join SP. 

The triangles SP Y, LP Y are equal in all respects, 

and 8'P-SP=S'L=2GY=2AC, 

.*. P is a point on the hyperbola. 

Also QP bisects the angle SPS, and is therefore the 
tangent at P. A similar construction will give the other 
tangent QP. 

If the point Q be within the angle formed by the 
asymptotes, the tangents will both touch the same branch 
of the curve ; but if it lie within the external angle, they 
will touch opposite branches. 

108. Pbop XII. If two tangents be drawn fro^ ^^ 
point to am, hyperbola they are eqwiUy inclined to the 
focal distance* qfthat point. 
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Let PQ, rq be the tangents, SY, S'T, SZ, BZ' the 
perpendiculars from the foci ; join YZ^ Y'Z'. 




' Then the angles YSZ, Y'S'Z are equal, for they are 
the supplements of YQZ, Y'QZ, 

Also SY.S'Y'=SZ, S'Z\ Art. (106) ; 

or SY: SZ :: £rZ' I S'Y; 

/. the triangles YZS, TS'Z are similar, 

and the angle rZAS'=Z'F'/S''. 

But the angle YqS= YZS, and ZQS'^ZYS'i 

.'. YQS=ZQS\ 

That is, the tangent QP, and the tangent P^Q pro- 
duced are equally inclined to SQ and S'Q. 

Or, producing S^Q, QP and QP^ are equally inclined 
to QS and S'Q produced. 

In exactly the same manner it can be shewn that if 
QP, QP' touch opposite branches of the curve the angles 
PQSy P'QS' are equal. 

Cob. If Q be a point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and S'Q produced 
and therefore bisects the angle PQP\ 

Hence, if from any point of an hyperbola tangents he 
dravm to a covfocal hyperbolc^j these tangents are equally 
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inclined to the normal or the tangent at the point, aeeord- 
ing as it lies within or without that angle formed by the 
asymptotes of the comfocal which contains the transverse 
axes. 

109. Prop. XIII. Jf PT,the tangent at P, meet the 
transverse axis in T, and PN he the ordinate, 

CN. CT=AC*. 

Let fall the perpendicular £^ upon FT, and join yN, 
Cyy SP, and /ST P. 




The angle OyT=S'Py 

=SPy 

=the supplement of SNy 

= CNy; 

also the angle yCT is common to the two triangles CyT 
CyN\ these triangles are therefore similar, 

and CN \Cy wOy \ GT, 

or GN.CT=Cf^A(P. 

CoR.1. Hence CN.NT=^CN^-CN.CT 

= CIP-AC^ 
--AN.NA\ 

Cob. 2. Hence also it follows that 

If any number of hyperbolas be described having the 
same transyerse axis, and an ordinate be drawn cutting 
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the hyperbolas, the tangents at the points of section will 
all meet the transyerse axis in the same point. 

CoE. 3. If CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
through Cy as we have'already shewn. Art (100). 

110. Peop. Xiy. If the tangent at P meet the con- 
jugate axis in t, and PNhe the ordinate, 

Ct.PN=BC^. 

For, Fig. Art (109), 

Then a : PN :: CT : iVT; 

.-. Ct.PN i PIP :: CT,CN : CN.N% 

:: AC^ : AN,NA\ 

.\ Ct.PN : AC^ :: PN^ : AN.NA'y 

r. B(P : AC*, 

and €t,PN=^BC\ 

111. Peop. XV. If the normal at P m^et the trans- 
^fierse aads in G, the corrugate aads in g, and the diameter 
parallel to the tangent at P in F, 

PF. PG=BC\ and PJF , Pg^AGK 
Let NP, PM, perpendicular to the axes, meet the dia- 




meter CFia K and X, and let the tangent meet the axes 
in T'and t. 
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ThmKNQjKFa being right angles^a circle 
described about KFNG, and t^refore 

PF.PQ=pir.PN==a.PN 
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or 



Similarly a circle can be drawn through FLMg ; 
.% PF. Pg^PL. PM^ CT. CN, 

Cob. Hence 

PG : Pg :: BC^ : AC^. 
Also, PNG, PMg are siniilar triangles; 
.-. NG : ilfP :: P^ : Pg, 

:: 502 : A&, 
NG : a2\r :: B(P : -402. 



Hence 



or 



CN : CG^ :: ^(72 : AC^ + B(P, 

:: .40* : S(P, 
CG : ON :: SC^ : ^0*. 



112. Peop. XVI. If PCp he a diameter, and QV 
an ordinate, and if the tangent at Q meet the diameter 
Pp in T, 

CV.CT^CP^. 
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Let the tangents at P andp meet the tangent at Q in 
B and r ; 




vw 



Then the angle SPR=Spr, Cor. Art. (106), 

and therefore if RN, m be the perpendiculars on SP, sp, 
the triangles BPN, rpn are similar. 

Draw BMj rm perpendiculars on SQ. 



Then 



TB : Tr 



RP \ rp, ' 
RN : r», 

i2Jf : rm, Cor. Art. (13), 
RQ : rQ. 
Hence, Q V, RP^ and rp being parallel, 

» TP : Tp :: PV : pF; 
. xp^Tp ; Tp-TP :: Pr+;?r : jpF-PF, 
or 2CP : 2Cr :: 2GV : 2CP, 

or CF.CT=CP*. 
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113. Prop. XVII. A diameter hUecU all chords 
parallel to the tangents at its extremities. 

Let PCp be the diameter, and ^Q' the chords parallel 




to the langents at P and p. Then if the tangents TQ, 
TQf at Q and Qf meet the tangents at P and p, in the 
points E, E', e, e^y 

EP=E'P and ep^^efp, Art. (16); 

.'. The point Tis on the line Pp ; 

but TP bisects QQ! ; 

that is, the diameter pCP produced bisects QQ, 

Dbp. The line DCd^ drawn parallel to the tangent at 
P, and terminated by the corrugate hyperbola^ that is, the 
diameter parallel to the tangent at P, is said to he con- 
jugate to PCp. 

A diameter therefore Usects all chords parallel to its 
conjugate. 

114. Peop. XVIII. If the diameter DCd he ccrnju- 
gate to PCp, then will PCp he conjugate to DCd 

Let the chord. Q Vq be parallel to CD and be bisected 
in V by CP produced. 

Draw the diameter qCR, and join RQ meeting CD 

inU. 

Then EC=^ Cq and QV=Vq; 

.'. QR is parallel to CP. 
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But BV^-QV^^CD\ 




Hence QV^ : CD^ :: CV^-CP^ : CP^, 
or GF' : Pr. Vp :: OZ)' : (7P2. 

120. Prop. XXIII. If QV he an ordinate of a dia- 
meter PCpy and if the tangent at Q meet the conjugate 
diameter^ DCd, in t, 

Ct.QV=CD\ 

For, fig. Art. (113), 

Ct : QV :: CT : VT, 

and .-. Ct.QV : QV* :: CV.CT : CV . VT. 

But CV.CT=CP*, Art (112), 

and CV. VT=CV^-CV.CT=CV^-CP*; 

.-. Gt.QV : QV* :: CP^ : CV^-CP^, 

:: C2>2 : QF*. Art. (119). 

Hence Ct.QV=^CI>'. 

121. Peop. XXIV. ff ACa^ BCb he conjugate dia- 
meters^ and PCp, DCd another pair of conjugate dia- 
latter Jiy and ifPN^ DM he ordinates of ACa^ 

CM : PN :: AC : BC, 

and DM : CN :: EC : AC. 
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Let the tangents at P and D meet ACd in Tand t ; 




then ON. CT=AC^== CM. a, Arts. (112) and (120), 

/. CM : CN :: Cr : Ct, 

FT : (7Z>, 
PN : 2> Jf , 
CW ; Mt; 
.'. CN^=CM.Mt=CM^-\-CM.a 
= CM^^AC\ 
and CM^=-CN*-AC\ 

But PiV2 : CN'^-AC^ :: .5^2 : ^(72; 

/. PN : CM :: .5(7 : AC; 
and, similarly^ DJJf : CN :: j5(7 : AC. 

Cob. We haye shewn in the course of the proof, that 

CN'^-CM^=ACl 

Similaiiy, if Pw, Dm be ordinates of BC, 

CM^-Cn^=BC^; 

that is, DM^-PN^=BC*; 

and it must be noticed that these relations are shewn for 
any pAir of conjugate diameters ACa, BCb, including of 
course the axes. 

8-2 
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Cor. If a straight line PP'p'p meet the hyperbola in 
P, /?, and' the conjugate hyperbola in P'^p'y PP'—pp\ 

For, if the line meet the asymptotes in Q, q^ 

and PQ=QP', 

.\ PP'=pp\ 

117. IProp. XX. The portion qf a tangent, which is 
terminated by the asymptotes, is bisected cU the paint of 
contact, and is equal to the parallel diameter, 

LEI being the tangent, Fig. Art (116), and DCd tlie 
parallel diameter, draw any parallel straight line QPpq 
meeting the carve and the asymptotes. 

Then QP=pq; and, if the line move parallel to itself 
until it coincides with LI, the points P and p coincide with 
JE,md,\LE=El. 

Also QP . Pq = C£^, always, and therefore 

LE.El=-CL», 

or LE=CD. 

It may be noticed that since the asymptotes are tangents, 
the fact that LE=El is a particular case of the general property 
demonstrated in Art. (16). 

Properties qf ConjugaJte Diameters. 

118. Peop. XXI. Conjugate diameters qf an hyper- 
bola are also conjugate diameters of the cof^ttgate hyper- 
bola, and the asymptotes are diagonals of the paraUdo- 
gram formed by the tangents at their extremities, 

PCp and DCd being conjugate, let QVq, a double 
ordinate of CD, meet the conjugate hyperbola in Q^ 
and ^. 

Then QV=^Vq, 

and QQ^= q(i, Cor. Art (1 16) ; 
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That is, CD bisecta the chords of the conjugate hyperbola 
parallel to CP. 




Hence CD and CP are conjugate in both hyperbolas, 
and therefore the tangent at D is parallel to CP, 

Let the tangent at P meet the asymptote in L ; then 

PL = CD. Art (117). 
Hence LD is parallel and equal to CP ; 
but the tangent at 2> is parallel to CP ; 

/. LDm the tangent at 2). 

Completing tj^qT figure, the tangents at p and d arc 
parallel to those mt 'P and £>, and therefore the asymptotes 
are the diagonals of the parallelogram LIVU, 

Cor. Henc^, joining PD^ it follows that PD is parallel 
to the asympt6te ICL\ since LP=PL', and LD = Dl. 

119. Pbop. XXII. Xf QV he an ordinate of a dia- 
^neler PCp, and DCd the conjugate diameter, 

QV* : PV.Vp :: CD" : CP^, 

Let Q Vy and the tangent at P, meet the asymptote in 
^andZ. 

Then LP being equal to C2>, 

B. C. S. % 
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But BV*-QV^^CD\ 




Hence QV^ : CD^ ;: CV^-CP^ : CP^, 
or QV^ : PF. Vp :: Ci)« ; (7P2 

120. Prop. XXIII. if QV be an ordinate of a dia- 
meter PCp, and if the tangent at Q meet the conjugate 
diameter, DCd, in t, 

Ct.QV^CDK 

For, fig. Art. (113), 

Gt : QV :: CT : VT, 

and .-. Ct.QV : QV* :: CV.CT : CV, FT. 

But CV.CT^CP*, Art. (112), 

and CF. FT=CV^-CV.CT=CF^-CP*; 

.-. Ct,QV : QV* :: CP^ : CV^-CP^, 

:: (72>2 : QV\ Art. (119). 

Hence Ct.QV^-CJOf. 

121. Prop. XXIV. If ACa, BCh he conjugate dia- 
meters^ and PCp, DCd another pair of conjugate dia- 
iimterM, and ifPN, DM be ordinates ofACa, 

CM : PN :: AC : BC, 

and DM : CN :: BC : AC. 
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Let tbe tangents at P and D meet ACa in Tand t ; 




and 



But 



then CN. CT=AC^= CM. Ct, Arts. (112) and (120), 

.-. CM : CN :: CT : Ct, 

PT : CD, 
PN : DM, 

CN : Mt; 
, CN^=CM.Mt=CM^-\-CM,Ct 

= CM^^AC\ 
CM^=CN*-'AC\ 
PN^ : Cm-AC^ :: BC^ : AC^; 
/. PN : CM :: .5(7 : AC; 
and, similarly^ DM : (7iV :: BC : AC. 

Cor. We haye shewn in the course of the proof, that 

CN^-CM^=AGl 

Sunilaiiy, if Pw, Dm be ordinates of BC, 

CM^-Cn^=BC^; 

that is, DM^"PN^=BC*; 

&nd it must be noticed that these relations are shewn for 
any pair of conjugate diameters ACa, BCb, including of 
conrse the axes. 

8-2 
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122. Feo9. XXT. J[f CPy CD be eot^ugate semi- 
di€ntMtirty and ACy B€ the semti-ajeee^ 

CI*-CJJ^=AC^-BC\ 

ToTy dmrin^ the ovdinates PN, DM, and remembering 
that in this case the angles at N and M are rig^t angles, 
we haTe, from the figure of the preTions ariide, 

CP^=CN^+PN\ 

CD^=C]m+DM\ 

But CN*'-CM*=AC* and DM^^PN*=BC*; 

.-. CP^-Cr^^AC^-BCK 

123. Prop. XXYL J[f the normal ai P meet the axes 
in G and Qy 

PG : CD :: BC : ACy . 

and Pg : CD :: AC : BC 

For the proofs of these relations, see Art. (79). 

Observe also that 

PG.Pg=CD»y 

and that 

Gg : CD :: SC^ : AC.BC 

124. Prop. XXVII. The area of the parallelogram, 
formed by the tangents at the ends of conjugate diameters 
is equal to the rectangle contained by the axes. 

Let CPy CD be the semi-diameters, and PN, DM the 
ordinates of the transverse axis. 
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Let the normal at P meet CD in F^ and the axis in 
6r. Then PNG, CDM are similar triangles, and, exactly 
as in Art (80), it can be shewn that 

PF.CD^AC.BC. 

126. Peop. XXVIIL If SP, S'P he the focal dis- 
tance qfa point P, and CD be corrugate to CPy 

SP.£rP=CD\ 

Attending to the figure of Art. (106), the proof is the 
same as that of Art (81). 

126. Pbop. XXIX. j(f the tangent at P meet a pair 
of eor^uffote diameters in T and t, and CD be caiyitgate 
to OP, 

PT.Pt=Cm 

This can be proved as in Art (82). 

It can also be shewn that if the tangent at P meet 
two parallel tangents in T' and ^, 

PT\Pf=CD^. 

127. Pbop. XXX ff the tangent at P meet the 
asymptotes in L and L\ 

CL.CL'^SC\ 

Let the tangent at A meet the asymptotes in K and 
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■ » 

K'\ then, Arts. 118 and 124, the triangles LCL\ KCK' are 
of equal area, and therefore 

CL : CK* :: CK : CL\ Eudid, Book VL, 
or CL.CL'^CK^ 

Cqb. If PH, PH' be drawn parallel to, apd ter- 
minated by the asymptotes, 

4t.PH,PH'=GS\ 
for CL=2PB\ a^d CL'=%PH, 

128. Pbop. XXXL Pmr^ of tangents at right atighs; 
to each other intersect on a fixe4 circle, 

PT, QT being two tangents at right a^glea, let 8Y, 
perpendicular to PT, meet S'P in K, 




Then, Art. (lOd), the angle 

S'TY'^QTS, 
and obviously, KTP=PTS\ 

therefore S'TY' ia complementary to KTP^ and S' TK is- 
a right angle. 
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Hence 

=2 . 0^2+2 . CJS^ hj Euclid ii. 12 and 13 ; 
.-. CT^=A(P-BC\ 

and the locus of T is a circle. 

UAChe less than BC, this relation is impossible. 

In this case, however, the angle between the asymp- 
totes is greater than a right angle, and the angle PTQ 
between a pair of tangents being always greater than the 
angle between the asymptotes is greater than a right angle. 
The problem is therefore ct, priori impossible for the 
hyperbola, but becomes possible for the conjugate hyper- 
bola. 

As in the case of the ellipse, the locus of T is called 
the director circle. 

129. Prop. XXXII. The rectangles contained by the 
segments of any two chords which intersect each other 
are in the ratio of the squares on the parallel diameters. 

Through any point in a chord QpQ! draw the dia- 




meter ORR\ and let CD be parallel to QC, CP conjugate 
to CD, and bisecting QQ' in V, 
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Draw RUBSi ordinate of CP. 
Then RIP : CZP-CP^ :: CZ)* : (7P*, 




But i2C^« : CU^ :: OF^ : CF*; 

/. CZ>2 : CC/'a .. CLl'^QV^-OV^ : CV\ 
or 02>2 : (72>»+Qr»-OF:» :: Ci7« : (7F«, 

:: CK* : CO"; 
.-. (7Z>« : Qr«-Or« :: CB^ : CO^-CR\ 
or C7Z>« : QO.OQ' :: C!ff« : OR. OR. 

Similarly, if qOq' be any other chord, and Cd the 
parallel semi-diameter, 

Cd^ : qO.Oq' :: C7? : OR. OR-, 

that is, the ratio of the rectangles depends only on the 
directions of the chords. 

Pbop. XXXIII. Xf a circle intersect an hyperbola 
in four points^ the several pairs of the chords qf inter- 
section are equaUy inclined to the axes. 

For the proof, see Art. (87). 
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Examples. 

1. If a circle be drawn bo aa to toach two fixed circlet 
extemallj, the Iocob of iti centre is an hyperbola. 

2. If the tangent at B to the conj agate meet the latas 
reetom in D, the triangles SCD, SXD are similar. 

8. The straight line drawn from the focas to the directrix, 
parallel to an asymptote, Ib equal to the semi-latas-rectaro, and 
18 bisected by the curve. 

4. Given the asymptotes and a focus, find the directrix. 

5. Given the centre, one asymptote, and a directrix, find 
tite focus. 

6. Parabolas are described passing through two fixed points, 
and having their axes parallel to a fixed line ; the locus of their 
fod is an hyperbola. 

7. The base of a triangle being given, and also the point of 
contact with the base of the inscribed circle, the locus of the 
vertex is an hyperbola. 

8. If the normal at P meet the conjugate axis in ^, and 
^iV^be the perpendicular on SP, then PN=AC, 

9. Draw a tangent to an hyperbola, or its conjugate, parallel 
*o a given line. 

10. If A A' be the axis of an ellipse, and PNP* a double 
<ndinate, the Iocub of the intersection of A'P and P'A is an hy- 
perbola. 

11. The tangent at P bisects any straight line perpendicular 
to AA\ and terminated by AP, and A'P. 

12. If PCp be a diameter, and if Sp meet the tangent at P 
ior, 

8P=ST. 

13. Given an asymptote, the focus, and a point ; construct 
tbe hyperbola. 

14. A circle can be drawn through the foci and the inter- 
B^ions of any tangent with the tangents at the vertices. 

15. Given an asymptote,, the directrix, and a point; con- 
struct the hyperbola. 
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16. If through any point of an hyperbola straight lines are 
drawn parallel to the asymptotes and meeting any aemi-diameter 
CQ in P and R, 

CP,€R=Cq^, 

17. PN is an ordinate and NQ parallel to ^^ meets the 
conjugate axis in Q ; prove that QB . QBf=PN^. 

18. NP is an ordinate and Q a point in the curve; AQ^ 
A'Q meet iVP in i> and ^ ; prove that ND . NE=NP^. 

19. If a tangent cut the major axis in the point T, and per- 
pendiculars ST, HZ be let fall on it from the foci, then 

AT.A'T=7T,ZT. 

20. In the tangent at P a point Q is taken such that PQ Is 
proportional to CD ; shew that the locus of Q is an hyperbola. 

21. Tangents are drawn to an hyperbola, and the portion of 
each tangent intercepted by the asymptotes is divided in a con- 
stant ratio ; prove that the locus of the point of section is an 
hyperbola. 

22. If the tangent and normal at ^ meet the conjugate 
axis in t and K respectively, prove that ft circle can be drawn 
through the foci and the three points P, t, K. 

Shew also that 

OK : SK :: 8A : AX, 
and . St\ tK :: BC : CD, 

CD being conjugate to CP. 

23. Shew that the points of trisection of a series of conter- 
minous circular arcs lie on branches of two hyperbolas ; and 
determine the distance between their centres. 

24. If the tangent at any point P cut an asymptote in T, 
and if 5P cut the same asymptote in Q, then SQ, — Q,T, 

25. A series of hyperbolas having the same asymptotes is 
cut by a straight line parallel to one of the asymptotes, and 
through the points of intersection lines are drawn parallel to the 
other, and equal to either semi-axis of the corresponding hyper- 
bola: prove that the locus of their extremities is a parabola. 

26. Prove that the rectangle PF . PF' in an ellipse is equal 
to the square on the conjugate axis of the confocal hyperbola 
passing through P. 
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27. If the taDgent at P meet one asymptote in T, and a 
line TQ be drawn parallel to the other asymptote to meet the 
carve in Q; prove that if PQ be joined and produced both ways 
to meet the asymptotes in R and H^, RR will be trisected at the 
points P and Q. 

28. The tangent at a point P of an ellipse meets the hyper- 
bola having the same axes as the ellipse in C and D. If Q be 
the middle point of CD, prove that OQ and OP are equally 
inclined to the axes, being the centre of the ellipse. 

29. Given one asymptote, the direction of the other, and 
the position of one focos, determine the position of the vertices. 

30. Two points are taken on the same branch of the curve, 
and on the same side of the axis ; prove that a circle can be 
drawn touching the four focal dLitances. 

81. Supposing the two asymptotes and one point of the 
curve to be given in position, shew how to construct the curve ; 
and find the position of the foci. 

32. Given a pair of conjugate diameters, construct the axes. 

' 33. If PH^ PK be drawn parallel to the asymptotes from a 
point P on the curve, and if a line through the centre meet them 
in i2, Ty and the parallelogram PRQT be completed, Q is a point 
OB the curve. 

34. The ordinate NP at any point of an ellipse is produced 
to a point Q, such that NQ is equal to the subtan^ent at P ; 
prove that the locus of Q is an hyperbola. 

35. If a given point be the focus of any h3rperbo1a, passing 
through a given point and touching a given straight line, prove 
that the locus of the other focus is an arc of a fixed hyperbola. 

86. An ellipse and hyperbola are described, so that the foci 
of each are at the extremities of the transverse axis of the other; 
prove that the tangents at their points of intersection meet the 
conjugate axis in points equidistant from the centre. 

37. A circle is described about the focus as centre, with a 
radius equal to one-fourth of the latus rectum : prove that the 
focal distances of the points at which it intersects the hyperbola 
are parallel to the as3nnptotes. 

38. The tangent at any point forms a triangle with the 
asymptotes : determine the locus of the point of intersection of 
the straight lines drawn from the angles of this triangle to bisect 
the opposite sides. 
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39. If ST J S^Y' be the perpendiculars on the tangent at P, 
a circle can be drawn through the points F, F', N, C. 

40. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent meet on thv 
normal and bisect it. 

41. If the tangent and normal at P meet the axis in jT and 
0,NQ,CT=BCK 

4^. If the tangent at P meet the axes in T and t^ the angles 
PSt, STP are supplementary. 

43. If the tangent at P meet any conjugate diameters in T 
and t, the triangles SPT, S'Pt are similar; 

44. If the diameter conjugate to CP meet SP and S'P in E 
and E^y prove that the circles about the triangles SGE, S'CE' are 
equaL 

45. The locus of the centre of the circle inscribed in the tri- 
angle SPS' is a straight line. 

46. If PN be an ordinate, and NQ, parallel to AP meet CP 
in Q, ^ Q is parallel to the tangent at P. « 

47. If an asympjtote meet the directrix in D, and the tan- 
gent at the vertex in E, AD is parallel to SE, 

48. The radius of the circle touching the curve and its 
asymptotes is equal to the portion of the latus rectum produced, 
between its extremity and the asymptote. 

49. If be the foot of the normal, and if the tangent meet 
the asymptotes in L and M, QL^QM, 

50. With two conjugate diameters of an ellipse as asymp- 
totes, a pair of conjugate hyperbolas is constructed : prove that 
if one hyperbola touch the ellipse, the other will do so likewise ; 
prove also that the diameters drawn through the points of con- 
tact are conjugate to each other. 

51. If two tangents be drawn the lines joining their inter- 
sections with the asymptotes will be parallel. 

52. The locus of the centre of the circle touching SP^ 8'P 
produced, and the major axis, is an hyperbola. 

53. If from a point P in an hyperbola, PiTbe drawn parallel 
to an asymptote to meet the directrix in JT, then PK— SP, 

54. If PD be drawn parallel to an asymptote, to meet the 
conjugate hyperbola in J), CP and CD are conjugate diameters. 
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55. If QR be a chord parallel to the tangent at P^ and if 
QL, PNj RM be drawn parallel to one asymptote to meet the 
other, 

56. If a circle touch the transverse axis at a focus, and pass 
through one end of the conjugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and transverse 
semi-axes. 

57. A line through one of the vertices, terminated by two 
lines drawn through the other vertex parallel to the asymptotes, 
is bisected at the other point where it cuts the curve. / 

58. If PSQ be a focal chord, and if the tangents at P and Q 
meet in T, the difference between PTQ and half PS'Q is a right 
angle. 

59. If a straight line passing through a fixed point C meet 
two fixed lines OA, OB in A and B, and if P be taken m AB 
such that CP^=CA . CB, the locus of P is an hyperbola, having 

its asymptotes parallel to OA, OB, 

« 

60. If from the points P and Q in an hyperbola there be 
drawn PL, QM parallel to each other to meet one asymptote, 
and PJi, QN also parallel to each other to meet the other saymp- 
Xoi^ PL. PJl=QM.QN, 

61. Any diameter is a mean proportional between the 
parallel focal chord and the transverse axis. 

62. An ordinate VQ of any diameter CP is produced to 
meet the asymptote in Jt, and the conjugate hyperbola in Q'; 
prove that QV^-{-QV^=2Jl V'^. 

Prove also that the tangents at Q and Q' meet the diameter 
CP in points equidistant from (7. 

63. A chord QPL meets an asymptote in Z, and a tangent 
from L is drawn touching at 72; if PJf, BE^ QaV, be drawn 
parallel to the asymptote to meet the other, 

PM+QN=2.RE. 

64. Tangents are drawn from any point in a circle through 
the foci ; prove that the lines bisecting the angle between the 
tangents, or between one tangent and the other produced, all 
pass through a fixed point. 
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65. If a circle through the foci meet two confocal hyper- 
bolas in P and Q, the angle between the tangents at P and Q is 
equal to PSQ. 

66. If SYf S'Y' be perpendiculars on the tangent at P, and 
if PN be the ordinate, the angles PNY, PNY' are supplementary. 

67. Find the position of P when the area of the triangle 
YCY' is the greatest possible, and shew that, in that case, 

PN.SC=£0^. 

68. If the tangent at P meet the conjugate axis in t, the areas 
of the triangles SPS'y StS' are in the ratio of CD^ : StK 

69. If SYj SZ be perpendiculars on two tangents which meet 
in T, YZ is perpendicular to S'T. 

70. A circle passing through a focus, and having its centre 
on the transverse axis, touches the curve ; shew that the focal 
distance of the point of contact is equal to the Latus Bectum. 

71. If CQ be conjugate to the normal at P, then is CP con- 
jugate to the normal at Q. 

72. From a point in the auxiliary circle lines are drawn 
toucihing the curve in P and P' ; prove that SP, /Si'P' are parallel. 

73. If the tangent and normal at P meet the axis in T and G, 

CT,CG=S(P, 

74. ^ind the locus of the points of contact of tangents to a 
series of confocal hyperbolas from a fixed point in the axis. 

75. Tangents to aa hyperbola are drawn from any point in 
one of the branches of the conjugate^ shew that the chord of cou' 
tact will touch the other brandi of the conjugate. 

76. An Ordinate NP meets the conjugate hyperbola in Q, ; 
prove that the normals at P and Q m^t on the transverse axis. 

77. A parabola and an hyperbola have a conmion focus S 
and their axes in the same direction. If a line SPQ cut the curves 
in P and Q, the angle between the tangents at P and Q is equal 
to half the angle between the axis and the other focal distance of 
the hyperbola. 

78. If a hyperbola be described touching the four sides of a 
quadrilateral which is inscribed in a circle, and one focus lie on 
the circle, the other focus will also lie on the circle. 
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79. A conic section is drawn touching the Mymptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
curves are parallel to the chord of contact of the conic with the 
asymptotes. 

80. A parabola P and an hyperbola H have a common focus, 
and the asymptotes of H are tangent^ to P ; prove that the tangent 
at the vertex of P is a directrix of ^, and that the tangent to 
P at the point of intersection passes through the further vertex 
of E. 

81. From a given point in an hyperbola draw a straight 
line such that the segment intercepted between the other inter- 
section with the hyperbola and a given asymptote shall be equal 
to a given line. 

When does the problem become impossible ? 

82. If an ellipse and a confocal hyperbola intersect in Py an 
asymptote passes through the point on the auxiliary circle of the 
ellipse corres(>onding to P, 

83. P is a point on an hyperbola whOHe foci are S and ff ; 
another hyperbola i» described whose foci are S and P, and whose 
transverse axis is equal to SP - 2PIf : shew that the hyperbolas 
will meet only at one point, and that they will have the same 
tangent at that point. 

84. A point D is taken on the axis of an hyperbola, of which 
the excentricity is 2, such that its distance from .the focus S is 
equal to the distance of S from the further vertex A' ; P being 
any point on the curve, A'P meets the latus rectum in K, Prove 
that 3K and SP intersect on a certain fixed circle. 

85. Shew that the locus of the point of intersection of tan- 
gents to a parabola making with each other a constant angle 
equal to half a ^ght angle, is an hyperbola. 

86. The tangent and normal at any point intersect the 
asymptotes and axes respectively in four points which lie on a 
circle passing through the centre of the curves 

The radius of this circle varies inversely as the perpendi- 
cular from the centre on the tangent. 

87* The difference between the sum of the squares of the 
distances of any point from the ends of any diameter and the 
sum of the squares of its distances from the ends of the conjugate 
is constant. 
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88. If a tangent meet the asymptotes in L and if, the angle 
subtended by LM at the farther focus is half the angle between 
the asymptotes. 

89. If PN be the ordinate of P, and PT the taagent, 

prove that 

SP : ST :: AN : AT. 

90. If the tangent at P cut an asymptote in T and if SP 
cut the same asymptote in Q, then 

SQ^QT. 

91. Two adjacent sides of a quadrilateral are given in 
magnitude and position; if the quadrilateral be such that a 
circle can be inscribed in it, the locus of the point of intersection 
of the other two sides is an hyperbola. 

92. The tangent at P meets the conjugate axis in t, and 
tQ, is perpendicular to SP; prove that SQ is of constant length. 

93. An hyperbola, having a given transverse axis, has one 
focus fixed, and always touches a given straight line ; the locus 
of the other focus is a circle. 

94. A chord PItVQ meets the directrices in Jl and V; shew 
that PJl and VQ subtend, each at the focus nearer to it, angles 
of which the sum is equal to the angle between the tangents at 
PandQ. 

95. A circle is drawn touching the transverse axis of an 
hyperbola at its centre, and also touching the curve ; prove that 
the diameter conjugate to the diameter through either point of 
contact is equal to the distance between the foci. 

96. A parabola is described touching the conjugate axes of 
a hyperbola at their extremities; prove that one asymptote is 
parallel to the axis of the parabola, and that the other asymptote 
is parallel to the chords of the parabola bisected by the first. 

If a straight line parallel to the second asymptote meet the 
hyperbola and its conjugate in P, P', and the parabola in Q, Q', 
it may be shewn that PQ = FC^. 

97. Jf two points E and E' be taken in the normal PQ such 
that PE—PE= CDf the loci of E and E' are hyperbolas having 
their axes equal to the sum and difference of the axes of the 
given hyperbola. 
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98. The angalar point il of a triangle ABC i» fixed, and 
the angle A is given, while the points B and C move on a fixed 
straight Hne; prove that the locns of the centre of the circle 
circnmscribing the triangle is an hyperbola^ and that the envelope 
of the circle is another drde. 

99. If a conic be described having for its axes the tangent 
and normal at any point of a given ellipse, and touching at its 
centre the axis-major of the given ellipse, and if another conic 
be described in the same manner but touching the minor axis at 
the centre^ prove that the foci of these conies lie in two circles 
concentric with the given ellipse, and having their diameters 
eqoal to tbe smn and difference of its axes. 

100. An ellipse and an hyperbola are confocal ; if a tangent 
to one intersect at right angles a tangent to the other, the locos 
o! the point of intersection is a circle. 

Shew also that the difference of the squares on the distances 
from the centre of parallel tangents is constant. 



B.O. S. ^ 



CHAPTER V. 
THE RBCTANGUIiAR HYPERBOLA. 

Jfthe cLxes qfan hyperbola he equal y the angle between 
the asymptotes is a right angle, and the curve is called 
equilateral or rectangular, 

130* Prop. I. In a rectcmgtdar hyperbola 

. CS^^TAC^, and SA^^2AXK 
For CS^=AC^-¥BC^=iAC\ 

and SA : AX :: SO : AG-, 

.\ SA^=2AXK 

Obsenre that in the figure of Art« (98), SDC is an 
koseeles triangle^ since 

SD^BCy ana CB^AG, 

and therefore SB « DG. 

131. Prop. II. The asymptotes qf a rectangular hy- 
perbola bisect the angles bettteen any pair qf conjugate 
diameters. 

For, in a reetangnlar or equilateral hyperbola, 

GA = GBy 
and therefore, since (7P»- GIP= GA^^GB^, 

GP^GD, 
GPf GD being any conjugate semi-ctiameters. 
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Also, figure Art (118), the parallelogram CPLD is a 
rhombus, and therefore CL bisects the angle PCD. 

Cor. Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to conjugate diameters. 



132. Prop. III. If CY he the perpendicular from 
the centre on the tangent at JP, the angle PCY is bisected 
by the transverse axis, and haif the transvet*se axis is a 
mean proportional between CYand CP. 



For the angle 



and 



PCL=DCL 
= YCL\ 
.-. PCA=ACY. 




Hence it follows that the triangles PCN, TCY are 
similar, and that 

GY : CT V, CN : CP\ 

i, CY.CP=:CT.CN=AC^. 

^—1 
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133. Prop. IY, Diameters at right angles to each 
other are eqtial* 

Let CP, CP* be semi-Kliameters at right angles to each 
other^ and CD coigugate to (7P. 

Then, if CX, CL' be the asymptotes, the angle 

P'CL'=^PCL 
^DCL', 

:. CP'^CD^CP. 

134. Prop. V. If the normcd at P meet the axes in 
Gandgj 

CN=NG anAPQ^Pg=CD, 
CD being conjugate to CP. 
For, Art. (Ill), 

NG : CN :; BC^ : AC^; 

:. NG=CN. 

Also PF. PG=Ba' and PF. Pg=AC*; 

.'. PG=Pg. 

Further, Art (123), 

PG : CD :: BC : AC; 
.-. PG--CD. 

135. Prop. VI. If QV he an ordinate qfa diameter 

QV^=PV. Vp. 
For QV^ : PV . Vp :: CD" : (7P«, 

and CD^CP; 

:. QV^^PV. Vp^Cm^CP^. 
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136. Peop. VII. The angle between a chord PQ, and 
the tangent cU P,is equal to the angle mbtended by PQ 
at the other extremity qfthe diameter through P. 

Let PQ and the tangent at P meet the asymptote in 
/ and Z. Then, if (7 F be coiyugate to PQ, 

the angle LPQ = PLC- VIG 

^LGP" va 

^VCP 
-^QpP. 




Or thus, let Q 27 parallel to the tangent at P, meet CP pro- 
duced in U. 

Then QU*=PU. Up, 

or, QU : PU :: Up : UQ. 

Therefore the triangles PQU, QUp are similar^ and the angle 
QpU=PQU=LPQ, 

137. Prop. VIIL Any chord subtends, at the ends 
qf any diameter, angles which are equal or supple- 
mentary. 

This theorem divides itself into four cases, which are 
shewn in the appended figures. 

Let QR be the chord, and Pp the diameter. Then, if 
LP be the tangent at P, fig. (I), the angle 

ZPC=<2pP, 
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and 
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LPR=RpP\ 
/. QPR^QpR. 




In fig. (2)^ if pi be the tangent at p, parallel to PL, 
QpR^Qpl+lpR= Qpl+pPR, 




and QPR=QPL+LPR=QpP+LPR ; 

.-. QpR + QPR=^lpP + LPpy 

that is, QpR and QPR are together equal to two righ 
angles. 

In fig. (3) 

QPR = QPL + LPp -^-pPR 
^QpP-^Ppl-^lpR 
^QpR. 
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In fig. (4) 



and 



qpL^QpP, 

:. QpB^QPL^RPL'i 




therefore QpR and QPR are together equal to two right 
angles. 

Hence it will be seen that when QR, or QR produced, 
meet the diameter Pp between P and p, the angles sub- 
tended at P and p are equal; in other cases they are 
supplementary. 

138. Peop. IX. If a rectangular hyperbola circum- 
scribe a triangle, it passes through the orthocentre. 

Note. The orthocentre is the point qf intersection qf 
the perpendiculars from the angular points on the oppo- 
site sides. 
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If be the orthocentre, the triangles LOP, LQR are 
similar^ and 

LO : LP :: LQ : LR; 

:. LO.LR=LP.LQ. 




But, if a rectangular hyperbola pass through P, Q, R, 
the diameters parallel to LR, PQ are equal : hence O is a 
point on the curve. 

139. Prop. X. ff a rectangular hyperbola eircum- 
scribe a triangle, the loctM of its centre is the nine-point 
circle of the triangle. 

If PQR be the triangle, let L, L^ be the points in 
which an asymptote meets the sides PQ, PR, 




Join C, the centre of the hyperbola, with E and F, the 
/tt/ddia points of PR and PQ. 
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Then CF is conjugate to PQ, and CE to PR ; there- 
fore the angle 

FCE^FCL^L'CE 

^CLF^EUG 

= PLU + PL'L 

^FPE 

= FDE, 

if D be the middle point of QR. 

The circle passing through D, E, F therefore passes 
through C; that is, C lies on the nine-point circle. 

A similar proof is applicable to the case in which the 
points P^ Q, R lie on the same branch of the hyper- 
bola. 

140. The proof of Prop, (zxxlii), Art. (130), appears to fail 
in this case, since it does not follow, when two diameters are 
equal, that they are equally inclined to the axes. 

It is however obvious that, if a circle intersect an hyperbola, 
either the four points of intersection are all on one branch of the 
curve, or there are two on each branch ; on the other hand, 
of two conjugate diameters, or of two diameters at rig^t angles, 
one meets the curve and the other does not. Hence if chords be 
drawn parallel to these diameters one chord will meet opposite 
branches, aod the other will meet one branch only; the cases 
are therefore distinct, and the proof holds good. 



Examples. 

1« A circle is described on the transverse axis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining the centre of the hyperbola with the point of con- 
tact and with the middle point of the chord of intersection of the 
tangent with the circle, are inclined to the asymptotes at com- 
plementary angles. 

2. POP IB a transverse diameter, and Q7 an ordinate ; shew 
that QF is the tangent at Q to the circle circumscribing the tri- 
angle PQp, 
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3. If the tangent at P meet the asymptotes in L and if, 
and the normal meet the transverse axis in (r, a circle can be 
drawn through C, X, if, and G^ and LGM is a right angle. 

4. Find the locus of the middle point of a line cutting off a 
constant area from the corner of a square. 

5. If il^' be any diameter of a circle, PP' any ordinate to 
it, then the locus of the intersections of AP^ A'P' is a rectan- 
gular hyperbola. 

6. If from the extremities of any diameter lines be drawn 
to any point in the curve, they will be equally inclined to the 
asymptotes. 

7. Given an asymptote and a tangent at a given point, 
construct a rectangular hyperbola. 

8. If CP, CD, and CP', CU be two pairs of conjugate semi- 
diameters, prove that the angles PCP\ DCIf are equal. 

9. Focal chords parallel to conjugate diameters are equaL 

10. Focal chords at right angles to each other are equal 

11. The points of intersection of an ellipse and a confooal 
rectangular hyperbola are the extremities of the equi-coo jugate 
diameters of tiie ellipse. 

12. If CPy CD be oonjngste semi-diameters, and PN, DM 
ordinates of any diameter, the triangles PGN, DCM are equal in 
nil respects. 

13. The distance of any point from the centre is a geome- 
tric mean between its distances from the foci. 

14. If P be a point on an equilateral hyperbola, and if the 
tangent at Q meet CP in T, the circle circumscribing CTQ, 
touches the ordinate Q, V conjugate to CP, 

15. If a circle be described on SS' as diameter, the tangents 
at the vertices will intersect the asymptotes in the circumference. 

16. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

17. If the tangents at two points Q and Q' meet in T, and if 
CQi CQ^ meet these tangents in i2 and iS', the circle drcuniscrib- 
ing RTBf passes through C, 
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18. If from a point Q in the conjugate axis QA be drawn 
to the yertex, and Qfi parallel to the tranaverse axis to meet the 
carve, Qfi-=AQ^ 

19. Straight lines, passing through a given point, are 
bounded by two fixed lines at right angles to each other; find 
the locus of their middle points. 

20. Given a point Q and a straight line AB, if a line QCP 
be drawn cutting AB in C, and P be taken in it, so that PD 
being a perpendicular upon AB^ CD may be of constant magni- 
tude, the locas of P is a rectangular hyperbola. 

21. Every conic passing through the centres of the four 
circles which touch the sides of a triangle, is a rectangular hyper- 
bola. 

22. Ellipses are inscribed in a given parallelogram, shew 
that their foci lie on a rectangular hyperbola. 

23. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intersect on the asymptotes. 

24. If P, Q be two points of a rectangular hyperbola, centre 
0, and QN the perpendicular let fall on the tangent at P, the 
circle through 0, N, and P will pass through the middle point of 
the chord P, Q. 

Having given the centre, a tangent, and a point of a rectan- 
gular hyperbola, construct the asymptotes. 

25. If a right-angled triangle be inscribed in the curve, the 
normal at the right angle is parallel to the hypothenuse. 

26. On opposite sides of any chord of a rectangular hyper- 
bola are described equal segments of circles ; shew that the four 
points, in which the circles, to which these segments belong, 
again meet the hyperbola, are the angular points of a parallelo- 
gram. 

27. Two lines of given lengths coincide with and move 
along two fixed lines, in such a manner that a circle can always 
be drawn through their extremities ; the locus of the centre is a 
rectangular hyperbola. 

28. If a rectangular h3rperbola, having its asymptotes coin- 
cident with the axes of an ellipse, touch the ellipse, the axis of 
the hyperbola is a mean proportional between the axes of the 
eUipse. 
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29. The tangent at a point P of a rectangular hyperbola 
meets a diameter QCQ! in T. Shew that CQ and T^ subtend 
equal angles at P, 

80. If il be any point in a rectangular hyperbola, of which 
is the centre, BOC the straight line through at right angles 
to OA, J) any other point in the cur?e, and D-S, DC parallel to 
the asymptotes, prove that a circle can be drawn through B, J), 
A, and (7. 

31. The angle subtended by any chord at the centre is the 
supplement of the angle between the tangents at the ends of the 
chord. 

32. If two rectangular hyperbolas intersect in At B, C, D; 
the circles described on AB, CD as diameters intersect each other 
orthogonally. , 

38. Prove that the triangle, formed by the tangent at any 
point and its intercepts on the axes, is similar to the triangle 
formed by the straight line joining that point with the centre, 
and the abscissa and ordinate of the point. 

34. The angle of inclination of two tangents to a parabola is 
half a ri^ht angle ; prove that the locus of their point of inter-' 
section is a rectangular hyperbola, having one focus and the cor- 
responding directrix coincident with the focus and directrix of 
the parabola. 

85. P is a point on the curve, and PM, PN are straight 
lines making equal angles with one of the asymptotes ; if 3fP, 
NP be produced to meet the curve in P'and Q', then P'Q^ passes 
through the centre. 

36. A circle and a rectangular hyperbola intersect in four 
points and one of their common chords is a diameter of the hyper <• 
bola; shew that the other common chord is a diameter of the 
circle. 

37. ii^ is a chord of a circle and a diameter of a rectangular 
hyperbola; P any point on the circle; AP, BP, produced if 
necessary, meet the hyperbola in Q, Q', respectively; the point of 
intersection of BQ, AQ^ will be on the circle. 
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88. PP' is any diameter, Q any point on the curve, PR^ 
PR are drawn at right angles to PQ, P'Q, respectively, inter- 
secting the normal at Q in 72, iS' ; prove that Qfi and Qfi are 
equal. 

39. Parallel tangents are drawn to a series of confocal 
ellipses ; prove that the locus of the points of contact is a rectan- 
gular hyperbola having one of its asymptotes parallel to the 
tangents. 



CHAPTER VI. 



THE CYLINDER AND THE CONE. 



Definition. 

141. If a straight line move so as to pass through the 
circumference of a given circle, and to be perpendicular 
to the plane of the circle, it traces out a surface called a 
Right Circular Cylinder, The straight line drawn through 
the centre of the circle perpendicular to its plane is the 
Awis of the Cylinder. 

It is evident that a section of the surface by a plane 
perpendicular to the axis is a circle, and that a section bj 
any plane parallel to the axis consists of two parallel 
lines. 

142. Peop. I. Anp section of a cylinder by a plane 
not parallel or perpendicular to ths aafis is an ellipse. 

If A PA' be the section, let the plane of the paper be 
the plane through the axis perpendicular to AFA\ 

Inscribe in the cylinder a sphere touching the cylinder 
in the circle EF and the plane APA' in the point S. 

Let the planes APA\ ^^mtersect in XIT, and iW)m 
any point P of the section draw PE^ perpendicular to 
XK. 
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Draw through P the circular section QP, cutting APA 
in PNy so that PN is at right angles to AA' and there- 
fore parallel to XiT. 

Let the generating line through P meet the circle EF 
mB; fuidimn SP, 

Then PS and PE are tangents to the sphere; 

.-. SP=PR=EQ. 

But EQ : NX :: AE ; AX 

:: SA : -4X, 

and NX=PK, 

/. /ST' : PX :: .S'^ : ^X 

Also, AE being less than AX, SA is less than AX^ 
and the curve APA' is therefore an ellipse^ of which S\b 
the focus and XX the directrix. 

If another sphere be inscribed in the cylinder touching 
AA^ in S\ S' is the other focus, and the corresponding 
directrix is the intersection of the plane of contact E'F' 
with APA\ 
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Producing the generating line RP to meet the circle 
E'F" in -S' we observe that S'P=PR\ and therefore 

SP + 8'P=RR=EE' 

=AB+AE' 

and AS'=AE'=A'F=A'S, 

.-. 8P+S'P=AA\ 

The transverse axis of the section is A A' and the con- 
jugate, or minor, axis is evidently a diameter of a circular 
section. 

143. Def. If O be a fixed point in a straight line 
OE drawn through the centre ^ of a fixed circle at right 
angles to the plane of the circle, and if a straight line 
QOP move so as always to pass through the circumference 
of the circle, the suiface generated by the line QOP is 
called a Right Circular Cone, 

The line OE is called the axis of the cone, the point O 




is the vertex, and the constant angle POE is the semi- 
vertical angle of the cone. 
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It is eyident that an; aecttoo bj a plane perpendicular 
to the axis, or parallel to the base of the cone, is a circle ; 
and that any section b; a plane through the Tertex ccnuiate 
of two straight lines, the angle between which is greatest 
and equal to the vertical angle when the plane contains 
the axis. 

8 is called a Principal 



144. Fkop. II. The section qf a cone by a plane, 
which it not perpendictdar to the axie, and does not pass 
through the vertex, is either an Ellipse, a Parabola, or 
an Hyperbola. 




Let ET^Pbe the cutting plane, and let the plane of the 
paper be that principal section which is perpendicular to 
the plane UAP; OF, OAQ being the generating Hues 
in the plane of the paper. 

Let Air\>e the intersection of the principal section 
VOQ by the plane PA U perpendicular to it, and cutting 
the cone in the curre A P. 

Inscribe a sphere in the cone, touching the cone in the 
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circle EFosidi the plane AP in the point S, and let XK 
be the intersection of the planes AP, EF, Then XK is 
perpendicular to the plane of the paper. 

Taking any point P in the curve, join OP cutting the 
circle EF in B, and join SP, 

Draw through P the circular section QP V cutting the 
plane AP in PN which is therefore perpendicular io AN 
and parallel to XK. 

Then, SP and PR being tangents to the sphere, 

SP=:PR=EQ; 

and EQ : NX :: AE : AX 

:: AS : AX. 

Also NX=PK; 

.-. a5P : PJT :: SA : AX. 

The curve AP Ib therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX. In any case the point aS' is a focus and the cor- 
responding directrix is the intersection of the plane of the 
curve with the plane of contact of the sphere. 

(1) If A U be parallel to F, the angle 

AXE= 0PE= 0EF= AEX, 

and therefore 

SA^AE=AX, 

and the section is therefore a parabola when the cutting 
platie is parallel to a generating line, and perpendicular to 
the principal section which contains the generating line. 

(2) Let the line A tJ meet the curve again in the point 
A on the same side of the vertex as the point A. 

Then the angld 

AEX=OFE 
>FXA, 
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and therefore AE<AX, 

tbatis SA<AX, 

ood tbe cnrre a an ellipse. 

In this caae another sphere can be inscribed in tbe 
cone, tondiiiig tiie cone along tbe circle E'F" and tonching 
the plane APinS'. 

It may be shenn as before that <S" is a focus and tliat 
the corresponding directrix Is the intersection of the planes 

s'F'. apa: 

(3) Let tbe line UA produced meet the cone on the 
ottier side of the vertex. Tbe section then consists of two 
separate branches. 

Also the angle AEX=A'FX 
^AXF, 
and tberefore AE=-AX, 

that is AS^AX^ 
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and the curve AP is one branch of an hyperbola, the < 
branch being the section A'P', 




Taking P' in the other branch the proof is the san 
before that 

SP" : P'JT :: 8A : AX, 

In this case a sphere can be inscribed in the o 
branch of the cone, touching the cone along the circle i 
and the plane TJA'P' in S\ and it can be shewn that < 
the other focus of the hyperbola, and that the directr 
the intersection of the cutting plane with the plane of 
tact E'F\ 

Hence the section of a cone by a plane cutting in 
the principal section VOQ perpendicular to it is an Ell 
Parabola, or Hyperbola, according as the angle EA^ 
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greater than, equal to, or less than, the vertical angle of 
the cone. 

Further it is obvious that, if any plane be drawn parallel 
to the plane AP, the ratio of -4^ to -4 X is always the 
same; hence it follows that all parallel sections have the 
same eccentricity. 

145. This method of determining the focus and direc- 
trix was published by Mr Pierce Morton, of Trinity College, 
in the first Volume of the Cambridge PAtfc*opAica/ Trans- 
actions. 

The method was very nearly obtained by Hamilton, who 
gave the following construction. 

First finding the vertex and focus, A and aS^ take AE 
along the generating line equal to AS^ and draw the cir- 
cular section through E ; the directrix will be the line of 
intersection of the plane of the circle with the given plane 
of section. 

Hamilton also demonstrated the equality of SP and 
PR. 



146. 


Prop. 


III. To prove that, in the case of an 


elliptic J 


section, 


SP+S'P=AA\ 


Taking the 2nd figure, 






SP=PR and S'P=PR'', 


■ 




.-. SP+S'P=RR'=EE 






= AE+AFr 






=AS-hAS\ 


But 




A'S' = A'F=FF-^A'F 
=EE'-A'S, 


also 




A'S'+SS'=A'S] ' 
.-. 7A'S'-¥SS'=EE\ 


Similarly 


2AS-hJSS' = EE'; 






.-. A'S'=AS, 


and 




AS'=A'S, 
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Hence SP^S'P=AA\ 

and the transTeise, or mjor axis=£!^'. 

In a simihr manner it can be shewn that in an hyper- 
bolic section 

S'P-SP=AA\ 

147. Prop. IV. To shew that, in a parabolic tectiqn, 

Py^=AAS.AN. 

Let ^ be the yertex of the section, and 1^ ADE be 
the diameter of the drcohur section through A, 




From D let fall DS perpendicular to AN ; 
Then PN^=QN.NQ' 

= QN,AB 

=4NL.AD 
if AL be perpendicular to NQ, 

But the triangles ANLy ADS being similar, 

NL : AN :: AS : AD ; 

:.NL,AD=AN.AS, 

and PN^=4AS.AN. 
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148. Pkop. V. To shew that, in an elliptic sectiofi, 
PN^ is to AN , NA ' in a constant ratio. 

Draw through P the circular section QPQ\ 




Then, by a property of the circle, 

PN^=QN.NQ\ 

Bisect AA^ in C, and draw through C the circular sec- 
tion EBE\ 

Then QN : AN :: CE : AC, 

and NQ' : NA' :: CE' : A'C; 

.-. QN.NQ' : AN.NA' :: EG. CE' : AC% 

or PN^ : AN. NA; :: EC. CE' : AC^; 

and, the transverse axis being AA', the square of the semi- 
minor axis = BC^ = EC . CE'. 

Again, if ADFhe perpendicular to the axis, AD-DF, 
and, AC being equal to CA ', 

CD is paraUel to A'F, 
and therefore CE' =FD=AD. 
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Similarly, CE^A'I/^ the perpendicular from A on the 
axis; 

.'.BC^^AD.A'iy, 

that is, the semi-minor axis is a mean proportional be- 
tween the perpendiculars from the vertices on the ax'is of 
the cone. 

In exactly the same manner it can be shewn for an 
hyperbolic section, that 




PN^ : AN, NA' :: OE . CJS' : AC^ 
and that CB= AD, 

and CE'=A'D\ 

Hence BC^=AD . A'D\AA' being the transverse 

axis. 

We observe also that the conjugate axis is equal to the 
^ao^ent from C to the circular section passing through C 



The Cyli'iider and the Cone. 153 

149. Prop. VI. The two straight lines in which a 
cone is intersected by a plane through the vertejp parallel 
to an hyperbolic section are parallel to the asymptotes qf 
the hyperbola. 

Taking the preceding figure, let the parallel plane cut 
the cone in the lines OG^ 0G\ and the circular section 
through C in the line GLG\ which will be perpendicular 
to the plane of the paper, and therefore perpendicular to 
EE' and to OL, 



Hence 




GL^=EL,E'L, 


But 




EL 


: EG :: 


OL : 


AV, 


and 




E'L : 


E'G :: 


OL : 


AG; 


• 


GL'^ 


: EG. 


EV :: 


0Z2 


: AG^ 


or 




GL 


: OL :: 


BG : 


AG; 



therefore, Art. (98), OG and OG' are parallel to the 
asymptotes of the hyperbola. 

Hence for all parallel hyperbolic sections, the asymp- 
totes are parallel to each other. 

If the hyperbola be rectangular, the angle GOG^ is a 
right angle ; but this is evidently not possible if the verti- 
cal angle of the cone be less than a right angle. 

When the vertical angle of the cone is not less than a 
right angle, and when GOG^ is a right angle, LOG is half 
a rig^t angle, and therefore 

OL=LG, 

and 2,0L^=0G^=0E% 

and the length OL is easily constructed. 

Hence, placing OL, and drawing the plane GOG^ per- 
pendicular to the principal section through OL, any section 
by a plane parallel to GOG^ is a rectangular hyperbola. 

160. Prop. VII. If two straight lines be drawn 
throiLgh any point, parallel to two fixed lines, and inter- 
secting a given cone, tJie ratio oftlve rectangles fommA (y\j 
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the Megments qf the lines wiU he independent of the posi- 
tion qf the point. 

Thus, if through Ey the lines JEPQ, EP'Q' be drawn, 
X)arallel to two given lines, and cutting the cone in the 




points P, Q and P, Q\ the ratio of EP . EQ to EP". EQ' 
is constant 

Through draw OiT parallel to the given line to which 
EPQ is parallel, and let the plane through OK, EPQ, 
which contains the generating lines OPy OQ, meet the 
circular section through Em R and S^ and the plane base 
in the straight line DFK, cutting the circular base in D 
andiT 

Then D^JTand ERShein^ sections of parallel planes 
by a plane are parallel to each other. 

Also, EPQ is parallel to 0K\ 

Therefore ERP, ODK are similar triangles, as are 
also ESQ, OFK ; 

.-. EP : ER :: OK : DK, 

and EQ : ES :: OK : FK\ 
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.-. EP. EQ \ ER. ES :: OK^ : DK . FK 

:: OK^ : KT\ 

if KThQ the tangent to the circular base from JT. 

If a similar construction be made for EP'Qi we shall 
have 

EP'. Eq : ER. E& ;: OK"^ : K'f^ 

But ER . ES=EW . ES' ; 

therefore the rectangles EP . EQ and EP', EQ" are each 
in a constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 

Since the plane through EPQ, EP'Q^ cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes 
as particular cases those of Arts. (49), (76), (86), (119) and 
(129). 

The proof is the same if the point P be within the cone, 
or if one or both of the lines meet opposite branches of the 
cone. 

If the chords be drawn through the centre of the sec- 
tion PEP'y the rectangles become the squares of the semi- 
diameters. 

Hence the parallel diameters of all para,llel sections of a 
cone are proportional to each other. 

If the lines move until they become tangents the rect- 
angles then become the squares of the tangents ; therefore 
if a series of points be so taken that the tangents from 
them. are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point E will be 
the line of intersection of two fixed planes touching the 
cone, that is, a fixed line through the vertex. 

Examples. 

1. Shew how to cut from a cylinder an ellipaie whose eccen- 
tricity shall be the same as the ratio of the side of a square to its 
diagonal. 

2. Shew how to cut from a cone an ellipse whose eccentricity 
is the ratio of one to two. 
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3. Find the least angle of a cone from which it ia possible to 
cut an hyperbola, whose eccentricity shall be the ratio of two 
to one. 

4. Shew that all sections of a right cone, made by planes 
parallel to tangent planes of the cone, are parabolas, and that 
the foci lie on a cone having with the first a common vertex and 
axis. 

5. The centre of a spherical ball is moveable in a vertical 
plane which is equidistant from two candles of the same height 
on a table ; find its locus when the two shadows on the ceiling are 
always just in contact. 

6. Prove that all sections of a con« by parallel planes are 
conies having the same eccentripity. 

7. Find the locus of the fod of the sections made by a series 
of parallel planes. 

8. Give a geometrical construction, by which a cone may be 
cut, so that the section may be an ellipse of given eccentricity. 

9.. If two plane sections of a right cone be taken, having the 
same directrix, the foci corresponding to that directrix lie on a 
straight line which passes through the vertex, 

10. Different elliptic sections of a right cone are taken, 
having equal major axes ; shew that the locus of the centres of 
the sections is a spheroid, and determine in what cases it is oblate 
or prolate respectively. 

11. The vertex of a cone and the centre of a sphere inscribed 
within it are given in position : a plane section of the cone, at 
right angles to any generating line of the cone, touches the sphere : 
prove that the locus of the point of contact is a surface generated 
by the revolution of a circle^ which touches the axis of the cone 
at the centre of the sphere. 

12. Given a right cone and a point within it, there are bnt 
two sections which have this point for focus ; and the planes of 
these sections make equal angles with the straight line joining 
the given point and the vertex of the cone. 

13. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the axis ; 
prove that the curve of projection will be a conic section having 
its focus at the point in which the axis meets the plane of 
projection. 
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14. An ellipse and an hyperbola are so situated that the 
vertices of each curve are the foci of the other^ and the curves are" 
in planes at right angles to each other. If T' be a point on the 
ellipse, and Q a point on the hyperbola, S the vertex, and A the 
interior focus of that branch of the hyperbola, then 

PQ + AS=PS+AQ. 

15. The shadow of a ball is cast by a candle on an inclined 
plane in contact with the ball ; prove that, as the candle burns 
down, the locus of the centre of the shadow will be a straight 
line. 

16. If sections of a right cone be made, perpendicular to 
a given plane, such that the distance between a focus of a section 
and that vertex wLich lies on one of the generating lines in 
the given plane be constant, prove that the transverse axes, pro- 
duced if necessary, of all sections will touch one of two fixed 
circles. 

17. If the vertical angle of a cone, vertex F, be a right 
angle, P any point of a parabolic section, and PN perpendicular 
to the axis of the parabola, 

VP=2AS-\-AN, 

A being the vertex and S the focus. 

18. If two cones be described touching the same two spheres, 
the eccentricities of the two sections of them made by the same 
plane bear to one another a ratio constant for all positions of the 
plane.' 

19. If elliptic sections of a cone be made such that the 
volume between the vertex and the section is always the same, 
the minor axis will be always of the same length. 

20. The vertex of any right circular cone which contains a 
given ellipse will lie on a certain hyperbola, and the axis of the 
cone will be a tangent to the hyperbola. 

21. Different elliptic sections of a right cone are taken such 
that their minor axes are equal; shew that the locus of their 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone. 

22. If (7, E be the centres of the spheres inscribed in a cone, 
and touching a given section, the sphere described on CE as 
diameter will intersect the plane in the auxiliary circle of the 
section. 



CHAPTER VII. 

The Similarity of Conies, the Areas of Conies, and th£ 

Curvatwres of Conies, 

SIMILAR CONIGS. 

151. Dej^. Conies which have the same eceentricity 
are said to he similar to each other. 

This definition is justified by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 

Hence, according to this definition, all parabolas are 
similar curves. 

152. Prop. I. If radii he drawn from the vertices 
cf two paraholds making equal angles with the axes, 
these radii are always in the same proportion. 

Let AP, ap be the radii, PN and pn the ordinates, 
the angles PAN^ pan, being equal. 



Then 


AN : an :: AP : ap, 


and 


PN : pn :: AP : ap. 


But 


PN^ : pn^ :: AS , AN : as , an 




,'. AP^ : ap^ :: AS , AP : as , ap, 


or 


AP : ap :: AS : as. 



Jt can also be shewn that focal radii making equal 
angles with the axes are always in the same proportion. 

153. Prop. II. If two ellipses he similar th>eir aoses 
are in the same proportion, and any other diameters, 
making equal angles with the respective axes, are in the 
jTrcporiion of the axes. 
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Let CA, CB be the semi-axes of one ellipse, ca, cb of 
the other, and CPy cp two radii such that the angle 
PCA^pca, 

Then, since the eccentricities are the same, we have, 
if /Si « be foci, 

AC \ SC :; ac : sc ; 
.'. AC^ : AC^-SC^ :: ac^ : ac^-»c\ 
or AC^ : BC^ :: ac^ : bc\ 

Hence it follows, if PiV, pn be ordinates, that 
PN^ : AC^-^CN^ :: pn^ : ac^-cn^\ 
bat, by similar triangles, 

PN : pn :: CN : cw, 
therefore CN^ : AC^-CN^ :: cw2 : a<;2_c^2. . 
and CN^ : ^(?2 :: c»» : ocl 

Hence CP : cp :: (7iV : en 

:: AC : ac. 

So also lines drawn similarly from the foci, or any other 
corresponding points of the two figures, will be in the ratio 
of the transverse axes. 

Exactly the same demonstration is applicable to the 
liyperbola, but in this case, if the ratio of SC to AC in 
two hyperbolas be the same, it follows from Art. (98) 
that the angle between the asymptotes is the same in both 
curves. 

In the case of hyperbolas we have thus a very simple 
test of similarity. 
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154, Prop. III. If AB^ AC be two tangents to a 
parabola, the area between the curve and th^ chord BC is 
two-thirds of the triangle ABC, 
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Draw the tangent DPE parallel to BG\ then 

AP=PN, 
and BG=2,DE', 

therefore triangle BFG- lADE, 




Again, draw the diameter DQM meeting BP in M. 

By the same reasoning, FQG being the tangent parallel 
to BP, the triangle PQB=2FDG. 

Through F draw the diameter FRLy meeting PQ in 
L, and let this process be continned indefinitely. 

Then the sum of the triangles within the parabola is 
double the sum of the triangles without it. 

But, since the triangle BPC is half ABC, it is greater 
than half the parabolic area^QPC; 

Therefore, Euclid, Bk. xii., the difference between the 
parabolic area and the sum of the triangles can be made 
ultimateiy less than any assignable quantity ; 
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And, the same being true of the outer triangles, it 
follows that the area between the curve and BC la double 
of the area between the curve and AB, AC, and is there- 
fore two-thirds of the triangle ABC. 

CoR. Since PN bisects every chord parallel to BC it 
bisects the parabolic area BPC; therefore, completing 
the parallelogram PNBU, the parabolic area BPNia two- 
thirds of the parallelogram UN, 

155. Prop. IV. The area (^fan ellipse is to the area 
of the auxiliary circle in the ratio of the conjugate to th4i 
transverse axis. 

Draw a series of ordinates, QPN, Q'P'N',... near 
each other, and draw PR, QR parallel U} AC. 




Then, since 

PN : QN :: BC : AC, 

the area PN' : QN' :: BC : AC, 

and, this being true for all such areas, the sum of the 
parallelograms PN' is to the sum of tlie parallelograms 
QN'bsBC to AC 

But, if the number be increased indefinitely, the sums 
of these parallelograms ultimately approximate to the 
areas of the ellipse and circle. 

Hence the ellipse is to the circle in the ratio of BC 
to AC. 

The student will find in Newton's 2nd and 3rd Lemmas 
{Principia, Section i.) a formal proof of what ^^ Vka:^<6 
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here assumed as suffidently obvloiis, that the soiu of the 
parallelograms PN is ultimately equal to the area of the 
ellipse. 

156. Prop. V. // P, Q be two points of an hyper- 
bola, and if PL, QM parallel to one asymptote meet the 
other in L and 3f, the hyperbolic sector CPQ is equal to 
the Jtyperbolic trapezium PLMQ, 




L 

For the triangles CPL, CQM are equal, and, if PL 
meet CQ m R, it follows that the triangle CPR=i]iG 
trapezium LRQM; hence, adding to each the area RPQ 
the theorem is proved. 

157. Pbop. VI. If points Z, M,N,Kbe taken in an 
asymptote of an hyperbola, such that 

CL : CM :: CN : CK, 

and if LP, MQ, NR, KS, parallel to the asymptote, meet 
the curve in P, Q, R, S, the hyperbolic areas CPQ, CRS 
will be equal. 

Let QR and PS produced meet the asymptotes in F 
F', G, G' ; 

then RF=QF'kvl^SG=^PG\ Art. (116); 

.-. NF^ CM and KG = CL. 
Hence NF : KG :: CM : CL 

CK : CN 
RN : Sk, 
and therefore SP is parallel to QR, 
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The diiEtmeter CUV conjngSLte to PJS bisects all chords 
parallel to PS, and therefore bisects the area FQES ; 




also the triangle CFV=CSV, 

and CQU=^CUR; 

therefore taking froto CPF and CSV the equal triangles 
CQU, CBU, and the equal areas PQUV, SBUV, the 
remaining areas, which are the hyperbolic sectors CPQ, 
CRS, are equal. 

Cor. Hence if a series of points, L, M, N..., be taken 
such that C£r, CM, CN, CK",.,, are in continued proportion, 
it follows that the hyperbolic sectors CPQ, CQR, CRS, &c. 
will be all lequal 

It will be noticed in this case that the tangent at Q 
will be parallel to PR, the tangent at R i^allel to QS, 
and so also for the rest. 

« 

Th& Curvature qf Conies, 

158. Def. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
Q move near to, and ultimately coincide with P, the circle 
in its ultimate condition, is called the circle of curvature 
at P. 
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Prop. VIL The chord of mtertecticn of a conic 
with tfts circle of curvature at any point is inclined to 
the axis at the same angle as a tangent at the point. 

It has been shewn that, if a circle intersect a conic in 
four points P, Q, R, F, the chords PQ, RV are equally 
inclined to the axis. 

Let P and Q coincide with each other ; then the tan- 
gent at P and the chord B V are equally inclined to the 
axis. 

Let the point V now approach to and coincide with P ; 
the circle becomes the circle of cnrvatare at P, and the 
chord VR becomes PR the chord of intersection. 

Hence PR and the tangent at P are equally inclined 
to the axis. 

169. Prop. VIIL If the tangent at any point P of 
a parabola meet the axis in T, and if the circle of cur- 
vature at P meet the curve in Q, 

PQ = 4:,PT. 

Draw the ordinate PNP' ; then taking the figure of 
the next article, TP^ is the tangent at P', and the angle 
P'TF=PTF=PFT; therefore PQ is parallel to TP", 
and is bisected by the diameter P'E. 

Hence PQ = 2,PE=4P'T 

=4PT. 

160. Prop. IX. To find the chord of curvature 
through the focus and the diameter of curvature at any 
point of a parabola. 

Let the circle meet PS produced in F, and the noi-mal 
P(r, produced, in O. 

The angle PPaS'= PTS= SPT 

since PTis a tangent to the circle. 

Therefore QV\% parallel to the axis, 
and PV '. SP :: PQ : PP. 
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Hence PF=4./S'P. 

Again, the angle POQ = PFQ = PSN; 
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.-. PO : PQ :: SP : PN, 
or PO : /S'P :: 4PT : PN 

:: 4/S'P : /S^y, 
if ^ y be perpendicular to P 71 

Cor. 1. Since the normal bisects the angle between 
SP and the diameter through P, it follows that the chord 
of curvature parallel to the axis is 4SP, 

CoR. 2. The diameter of curvature, PO, may also be 
expressed as follows : 

Let GL be the perpendicular from G on SP ; then PL 
=the semi-latus rectum = 2^ aS'. 

Also P VO being a right angle. 



PO : PG 



PV : PL 
4.SP : PL 
ASP, PL : PL\ 



166 Curvature. 

but 4:SP . PL=SSP . AS=SSY^=2P0^ ; 

.-. PO : PG :: 2PG^ : PL\ 

161. Peop. X. If the chord of intersection, PQ, of 
an ellipse, or hyperbola^ with the circle of curvature at P, 
meet CD, the semi-diameter conjugate to CP, in K, 

PQ.PK=^1CD\ 




Drawing the ordinate PNP^y the tangent at P' is 
parallel to PQ, as in the parabola, and PQ is therefore 
bisected in F, by the diameter CP\ 

Let PQ meet the axes in t/'and U' ; then, U^C being 
parallel to PP", 

PV : PU' :: VP" : €P' 

:: UT : CT, 

since PU^P'T are parallel 

Also UT : CT :: PZ7 : PK\ 

.'. PF : PU' :: PCT : PiT, 

Hence PF. PK=PU, PU'=PT, PT=CI>\ 

observing that PTJ^PT, and PU'^PT, by the theorem 
of Art (168); 
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162. Peop. XL IftheehordqfeurtfoturePQ'jO/an 
dlipte or hyperbola in any direction, meet CD in K , 

P<^ . PK* =2 . CD\ 




/ 
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Let PO be the diameter of curyature meeting CD in 
F; then PQO, PQ!0 are right angles, and a circle can be 
drawn through QK'FO ; 

/. PQf .PK'=PF.PO 

=PK.PQ=2.CI>', 

Cor. 1. Hence PO being the diameter of corvature^ 

PF.P0=2. CD\ 

Cor. 2. If PQ^ pass through the focus, 

PK'^AG, 
and Pq . ^C=2 . CB\ 

CoR. 3. If PQ! pass through the centre, 

Pe'.CP=2.C2>« 

163. We can also express the diameter of curratore 
as follows : 

PG being the normal, let GL be perpendicular to /SP» 
and let PR be the chord of curvature through 8. 

Then GL is parallel to 02?, 

and PO : P(? :: PR \ PL 

:: PR, PL : PL\ 

But PR.AC=2.CD*; 

.', PR : AC :: 2.02>2 ; ^(72 
:: 2 . P(y2 . ^(p^ 

and PR. PL : ^C. PZ :: 2 . P(?* : ^C^. 

But, PL being equal to the semi-latus rectiun, 

PL.AC==BC^; 

.-. PR.PL=2.PG^, 

and PO : P(y :: 2PG^ : PL\ 

Hence, in any conic, the radius of curvature at any 
point is to the normal at the point as the square qf the 
normal to the square cf the semi-latus rectum. 
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Examples. 

1. The radios of curvature at the extremity of the latus 
rectum of a parabola is equal to twice the Dormal. 

2. The circle of curvature at the end of the latus rectum in- 
tersects the parabola on the normal at that point. 

8. The chord of curvature at a point P in the parabola 
passing through the vertex A i& Vq ^Y \\ PY \ AP, 

4. The circle of curvature at a point P in a parabola cuts 
off from the diameter at P a portion equal to the parameter of 
that diameter. 

5. P and p are points on a parabola on the same side of the 
axis ; PN^nd pn are perpendiculars on the axis ; the normals at P 
and J9 meet at a point Q: shew that the distance of Q from the 
axis is to 2 . PN in the ratio of the rectangle jm {PN+pn) to the 
square on the latus rectum. 

Deduce an expression for the radius of curvature at any point 
of a parabola. 

6. If P be a point of an ellipse equidistant from the axis 
minor and one of the directrices, prove that the circle of curvature 
at P will pass through one of the foci. 

7. The chord of curvature through the focus, at any pointy is 
equal to the focal chord parallel to the tangeht at the point. 

8. Prove that the locus of the middle points of the common 
chords of a given parabola and its circles of curvature is a para- 
bola, and that the envelope of the chords is also a parabola. 

9. The circles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the ellipse again in Q, R, 
respectively, shew that PH is parallel to DQ, 

10. In the rectangular hyperbola^ the radius of curvature at 
a point P varies as (7P^. 
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11. The tangent at a point P of an ellipse whose centre is C 
meets the axes in T and t ; if GP produced meet in L the circle 
described about the triangle TCt, shew that PL is half the chord 
of curvature at P in the direction of C, and that the rectangle 
contained by CP, CL, is constant. 

12. If P be a point on a conic, Q a point near it, and if Qfi, 
perpendicular to PQ, meet the normal at P in E, then ulti- 
mately when Q coincides with P, PE is the diameter of curva- 
ture at P. 

. 13. Prove that the ultimate point of intersection of conse- 
cutive normals is the centre of curvature. 

14. If a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangtnt 
will be equal to the abscissa of the point measured along the 
axis. 

15. The circle of curvature at a point where the conjugate 
diameters are equal, meets the ellipse again at the extremity of 
the diameter* 

16. Find the points at which the radius of curvature is a 
mean proportional between the semi-major and semi-minor axes 
of an ellipse. 

17. The chord of curvature at P perpendicular to the major 
axis is to PM, the ordinate at P, :: 2 . CJ)* : BC^, 

18. Prove that there is a point P on an ellipse such that if 
the normal at P meet the ellipse in Q, PQ is a chord of the 
circle of curvature at P, and find its position. 

19. If SP be the focal distance of a point P of a parabola, 
and SQ, perpendicular to SP, meet the normal at P in Q, PQ is 
half the radius of curvature at P. 

20. The chord of curvature at a point P of a rectangular hyper- 
bola, perpendicular to an asymptote, is to CD : : CD : 2 . PiV, 
where PN is the distance of P from the asymptote. 

21. Ji Ghe the foot of the normal at a point P of an ellipse, 
and GKt perpendicular to PG, meet CP in E, then KE, parallel 
to the axis minor, will meet PG in the centre of curvature at P. 
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22. If the normal at a point P of a parabola meet the 
directrix in L, the radius of curvature at P ia equal to 2 . PL, 

23. The normal at any point P of a rectangular hyperbola 
meets the curve again in Q; shew that PQ is equal to the 
diameter of curvature at P. 

24. In the rectangular hyperbola, if CP be produced to Q, 
so that PQ,— CP, and QO be drawn perpendicular to CQ, to 
intersect the normal in 0, is the centre of curvature at P. 

25*. If S and H be the foci of an ellipse, B the extremity of 
the axis minor, a circle described through S, H and B, will cut 
* the minor axis \i^ the centre of curvature at B. 

26. The tangent at any point P in an ellipse, of which S 
and H are the foci, meets the axis major in T, and TQfi bisects 
HP in Q and meets SP in R ; prove that PR is one-fourth of the 
chord of curvature at P through 8, 

27* An ellipse, a parabola, and an hyperbola, have the 
same vertex and the same focus ; shew that the curvature, at the 
vertex, of the parabola is greater than that of the hyperbola, and 
. less than that of the ellipse. 



CHAPTER VIII. 

PROJECTIONS. 

164. Def. The projection of a point on a plane is 
the foot of the perpendicular let fall from the point on 
the plane. 

If from all points of a given carve perpendiculars be 
let fall on a plane, the curve formed by the feet of the 
perpendiculars is the projection of the given curve. 

The projection of a straight line is also a straight line, 
for it is the line of intersection with the given plane of 
a plane through the line perpendicular to the given 
plane. 

Parallel straight lines project into parallel lines, for the 
projections are the lines of intersection of parallel planes 
with the given plane. 

165. Prop. I. Parallel straight lineiy cf finite lengths, 
are projected in the same ratio. 

That is, if ah, pq be the projections of the parallel 
lines AB, PQ, 

ah : AB :: pq : PQ. 

For, drawing AG parallel to ab and meeting Bh in (7, 
and PR parallel to pq and meeting Qq in R, ABC and 
PQR are similar triangles ; therefore 

AC : AB :: PR : PQ, 

and AC=ab, PR=pq. 

166. Prop. II. The projection of the tangent to a 
curve at any point is the tangent to the projection qf the 
curve at the projection of the point. 
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For itp, q be the projecUoDS of the two points F, Q of 
a. cnrve, the line pq ia the projection of the line PQ, and 
when the line PQ turns round P until Q coincides with F. 
pq turns round p until q coiocides with p, &nd the ultimate 
poailion ofpq ia the tangent at p. 

167. Prop. III. The projection qf a circle it an 
ellipte. 

Let «6a' be the projection of the circle ABA'. 




Take a chord PQ paraHol to the plane of prqjection, 
then its projection pq = PQ. 

Let the diMneter ANA' perpendicular to PQ meet 
in F the plane of projection, and let atiF be the pro- 
jection of jl.<4'i^. 

Then aa' biaects pq at right angles in the. point n, and 
an : AN :: aF : AF, 
a'n : A'N :: aF : AF ; 
.: AN.NA- -.an.na' :: AF' : aF*; 
but AN.NA'=PN^=pn\ 

.-. pn' : an. «o' ;: AF* : aF\ 



and the curTO apa' ia an ellipae, having itii axes i 
ratio of 

aF : AF,at(>faa' : AA'. 



the 
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Mareorer, smce we can place the drde so as to make 
the ratio of o^if' to AA' whaterer we please, an dlipse of 
any ece^itricity can be obtained. 

In this demonstration we hare assnmed only ihe 
property of the principal diameters of an ellipse. Properties 
of other diameters can be obtained by help of the pre- 
ceding theorems, as in the following instances. 

168. Pbop. IY. Th6 locus of the middle points qf 
parallel chords of an ellipse is a straight line. 

For, projecting a circle, the parallel chords of the 
ellipse are the projections of pansdlel chords of the drde, 
and as the middle points of these latter lie in a diameter 
of the drcle, the middle points of the chords of the ellipse 
lie in the projection of the diameter whidh is a straight 
line, and is a diameter of the ellipse. 

Moreover, the diameter of the drde is i>6rpendicalar 
to the chords it bisects ; hence 

Perpendicular diameters of a drcU prcject into eon- 
jugate diameters of an ellipse. 

169. Prop. V. J[f two intersecting chordi qf an 
ellipse be parallel to fixed lines, the ratio of the rectangles 
contained by their segments is constant. 

Let OPQ, ORS be two chords of a circle, parallel to 
fixed lines, and opq^ ors their projectioiis. 

Then OP . OQ is to op ,oq m 2l constant ratio, and 
OR , OS is to or . o« in a constant ratio ; but 

OP,OQ = OR,OS, 
Therefore op . oq is to or , os in tk constant ratio ; and 
opq, ors are parallel to fixed lines. 

170. Prop. VI. If qvcf be a double ordinate of a 
diameter cp, and if the iangefit at q meet dp pro- 
duced in tf 

cv,ct=cpl^. 

The lines qvq' and cp are the projections of a chord 
Q VQ' of a circle which is bisected by a diameter CP, and 
t is the projection of T the point in which the tangent at 
Q meets CP produced. 



or 
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But, in the circle, 

CF.CT=CP^, 

CV : CP :: CP : CT; 
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and, these lines being projected in the same ratio, it 
follows that 



or 



CV : cp :: cp : ct, 
CV , et=cj^. 



Hence it follows that taogents to an ellipse at the ends 
of any chord meet in the diameter ccngngate to the chord. 

The preceding will serve as sufficient illustrations of 
the application of the method. 

171. Pbop. VIL An ellipse can he prcjected into a 
circle. 

This is really the converse of Art. (167), but we give 
a construction for the purpose. 




Draw a plane through AA\ the transverse axis, per- 
pendicular to the plane of the ellipse, and in this plane 
describe a circle on ^^' as diameter. Also take the chord 
AD, equal to the conjugate axis> and join A'D, which is 
perpendicular to ^2>. 

Through AD draw a plane perpendicular to A'D, and 
project a principal chord PNP^ on this plane. 
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Then PN^ : AN. NA' :: BC^ : ACK 

But PN=pn, 

An : AN :: AB : ^^' 

:: BC : ^(7, 

and Dn : ^'iV ;: .BC7 : AC. 

Hence An.nD : AN. NA' :: 5(72 . jic\ 

and therefore pn^=An . nD, 

and the projection ^joD is a circle. 

This theorem, in the same manner as that of Art. (16*7), 
may be employed in deducing properties of oblique dia- 
meters and oblique chords of an ellipse. 

172. Prop. VII. The projection of a parabola is a 
parabola. 

For if PNP' be a principal chord, bisected by the axis 
AN, the projection pnp' will be bisected by the pro- 
jection an. 

Moreover' jt?w : PiV will be a constant ratio, as also 
will be an : AN 

And PN^=4AS.AN 

Hence pn^ will be to 4^ aS' . an in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to^w. 

173. Prop. VIII. An hyperbola can be always pro- 
jected into a rectangular hyperbola. 

For the asymptotes can be projected into two straight 
lines d, d' at right angles, and if PM, PN be parallels to 
the asymptotes from a point P of the curve, PM . PN is 
constant. 

'^yjX'pm : PM^\Apn : PiV are constant ratios ; 
» .*. pm . pn is constant. 

And since pm and pn are perpendicular respectively 
to cl and cl\ it follows that the projection is a rectangular 
hyperbola. 

The same proof evidently shews that any projection of 
an hyperbola is also an hyperbola. 

The explanations of this chapter apply to a particular 
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case only of the general method of projections ; in strict- 
ness we should ha?e defined the method as the method of 
orthogonal projections. 



EXAMPLES. 

1. Prove by the method of projections the theorems of Arts. 
66, 70, 71, 73, 74, 75, 76, 77, 80, 82, 83, and 86. 

2. A parallelogram is inscribed in a given ellipse ; shew that 
its sides are parallel to conjugate (iiameters, and find its greatest 
area. 

3. TP, TQ are tangents to an ellipse, and CP', CQ' are 
parallel semidiameters ; PQ is parallel to P'Qf. 

4. Determine the greatest triangle which can be inscribed 
in an ellipse having an angular point fixed at a point in its peri- 
meter. 

5. If a straight line meet two Concentric, similar, and simi- 
larly situated ellipses, the portions intercepted between the curves 
are equal. 

6. Find the locus of the point of intersection of the tangents 
at the extremities of pairs of conjugate diameters of an ellipse. 

7. Find the locus of the middle points of the lines joining 
the extremities of conjugate diameters. 

8. If a tangent be drawn at the extremity of the major axis 
meeting two equal conjugate diameters CP, CD produced in T 
andt; then Pi)«=2^T«. 

9. If a chord AQ drawn from the vertex be produced to 
meet the minor axis in 0, and CP be a semidiameter parallel to 
i% then AQ , A0=2CP^. 

10. OQt OQf are tangents to an ellipse from an external 
point 0, and OJt is a diagonal of the parallelogram of which OQ, 
OQ^ are adjacent sides ; prove that if ^ be on the ellipse, ^ill 
lie on a similar and similarly situated concentric elli^e. 

B. 0. 8. VL 
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11. A parallelogram is inscribed in an ellipse, and from any 
point on the ellipse two straight lines are drawn parallel to the 
sides of the parallelogram ; prove that the rectangles under the 
segments of these straight Hues, made by the sides of the paral- 
lelogram, will be to one another in a constant ratio. 

12. A parallelogram circumscribes an ellipse, touching the^ 
curve at the extremities of conjugate diametei-s, and another 
parallelogram is formed by joining the points where its diagonals 
meet the ellipse : prove that the area of the inner parallelogram 
is half that of the outer one. 

If four similar and similarly situated ellipses be inscribed 
in the spaces between the outer parallelogram and the curve, 
prove that tkdr centres lie in a similar and similarly situated 
ellipse. 

13. If a parallelogram be inscribed in an ellipse, so that the 
diameter bisecting two opposite sides is always divided by either 
side in a constant ratio^ its area will be constant. 

14. If a parallelogram circumscribe an ellipse, and if one of 
its diagonals bear a constant ratio to the diameter it contains, 
the area of the parallelogram will be constant. 

15. About a given triangle PQJR is circumscribed an ellipse, 
having for centre the point of intersection {C) of the lines from 
Pj Qf R bisecting the opposite sides, and P(7, QG, RC are pro- 
duced to meet the curve in P", Q', R'; shew that, if tangents be 
drawn at these points, the triangle so formed will be similar to 
PQR, and four times as great. 

16. The locus of the middle points of all chords of an ellipse 
which pass through a fixed point is an ellipse similar and simi- 
larly situated to the given ellipse, and with its centre in the 
middle point of the line joining the given point and the centre of 
the given ellipse. 

17. Prove that an ellipse can be inscribed in a parallelogram 
30 as to touch the middle points of the four sides, and that it ks 
the greatest of all inscribed ellipses. 

18. A polygon of a given number of sides circumscribes an 
eUipse. Prove that, when its area is a minimum, any side ht 
parallel to the line joining the points of contact of the two 
adjacent sides. 
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19. The greatest triangle which can be inscribed in an 
ellipse has one of its sides bisected by a diameter of the ellipse, 
and the others cut in points of trisection by the conjugate dia- 
meter. 

20. AB\& tk given chord of an ellipse, and C any point in 
the ellipse ; shew that the locus of the point of intersection of 
lines drawn from A, B^ C to the middle paints of the opposite 
sides of the triangle ABC is a similar ellipse. 

21. CP, CD are conjugate semidiameters of an ellipse; if 
an ellipse, similar and similarly situated to the given ellipse, be 
described on PB as diameter, it will pass through the centre of 
the given ellipse. 

22. If an hyperbola and its conjugate are described having 
a pair of conjugate diameters of an ellipse for asymptotes, and 
cutting the ellipse in the points a, b, c, d taken in order, shew 
that the diameters Oa, Ocy and 06, Od are conjugate diameters 
in the ellipse; and also that Oa, Od, and Ob, Oc are conjugate 
diameters in the hyperbolas. 

23. PT, pt are tangents at the extremities of any diameter 
Pp of an ellipse; any other diameter meets PT in T and its con- 
jugate meets pt in t; also any tangent meets PT in T' and pt in> 
t'; shew that PT \ PT w pH ; pi. 

24. From the ends P, D of conjugate diameters of an ellipse 
lines are drawn parallel to any tangent line ; from the centre 6' 
any line is drawn cutting these lines and the tangent in p, d, t, 
respectively ; prove that 

Cp^+Cd^^Ct^. 

26. If CPf CD be conjugate diameters of an ellipse, and if 
BP, BD be joined, and also AD, A'P, these latter intersecting 
in 0, the figure BDOP will be a parallelogram. 

26. TSa 9k point on the tangent at a point P of an ellipse, so 
that a perpendicular from T on the focal distance ISP is of constant 
length ; shew that the locus of T is a similar, similarly situated 
ftnd concentric ellipse. 
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CHAPTEK IX. 



OF CONICS IN GENERAL. 



The Construction qf a Conic, 

174. The method of construction, given in Chapter I., 
can be extended in the following manner. 

Let fSn be any straight line drawn through the focus 




S, and draw Ax from the vertex parallel to JiS, and meet- 
ing the directrix in a. 

Divide the line^ASn in a and a' so that 

Sa \ of M Saf : a!f :: SA : Ax ; 

then a and a' are points on the curve, for if ak be the per- 
pendicular on the directrix, 

ak \ of w AX : AXy 
and therefore Sa : ak :: SA : AX. 
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Take any point e in the directrix, draw the lines eSl, ea 
through S and a, and draw SP making the angle PSl 
equal to ISn. 

• 

Through P draw FPl parallel to /tS, and meeting eS 
produced in I, 
then Pl=SP, 

and PI : PF :: Sa : af\ 

.'. SP : PF :: Sa : fl^ 
and SP \PK :: Sa : ak; 

therefore P is a point in the curve. 

The other point of the curve in the line FP may be 
found as in Art. 9. 

175. The constnictiou for the point (a) gives a simple proof 
that the tangent at the vertex is perpendicular to the axis. For 
when the angle ASa is diminished, Sa approaches to equality 
with SAf and therefore the angle aAS ia ultimately a right 
angle. 

176. Prop. I. To find the points in which a given 
straight line is intersected by a conic of which the /oetuf, 
the directrix, and the eccentricity are given. 
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Let FPP' be the straight line, and draw Ax parallel 
to it. Join FS, and find the points D and E such that 

SD : DF :: aS'^ : EF :: SA : Ax. 

Describe the circle on DE as diameter, and let it inter- 
sect the given line in P and P'. 

Join DP, EP and draw SG, FH2X right angles to EP. 

Then DPE^ being the argle in a semicircle, is a right 
angle, and DP is parallel to S(x and FH, 

Hence SG : FH :: SE : EF 

:: SD : DF 

:: PG : PH; 

therefore the angles SPG, FPU &re equal, and therefore 
PD bisects the angle SPF, 

Hence SP : PP :: aS'D : DF :: /SL4 : Ax, 

and P is a point in the curve. 

Similarly P' is also a point in the curve, and the per- 
pendicular from O, the centre of the circle, on FPP' meets 
it in F, the middle point of the chord PP', 

Since SE : EF :: aS'^ : Ax 

and SD : DF :: aS'^ : Ax; 

.-. SE-SD : DE :: aS^ : ^^, 

or SO : OD :: /S/l : Ax, 

a relation analogous to 

SO : ^C :: SA : AX. 

We have already shewn, for each conic, that the middle 
points of parallel chords lie in a straight line ; the following 
article contains a proof of the theorem which includes all 
the three cases. ^ 

177. Prop. II. To find the locus 0/ the middle point* 
of a system 0/ parallel chords. 

Let P'P one of the chords be produced to meet the 
directrix in F, draw Ax parallel to FP, and divide FS so 
that 

SD : DF :: SE : EF :: SA : Ax ; 
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then, as in the preceding article, the perpendicular OV 
upon PP' from O the middle point of DE, bisects PP, 

Draw the parallel focal chord aSa^ ; then Oc parallel to 
he directrix bisects aa in c. Also draw SG perpendicular 
to the chords, and meeting the directrix in G. 




Then, if F meet aa' in n, 

Vn : nO :: SF : SO, 

:: ^ : Sc, 

and, since 7?cO, SG/ are similar triangles, 

nO : nc :: SG : J^; 

/. Fn : rw; :: /S'6r : Sc, 

and the line Fc passes through G, 

The straight line Gc is therefore the locus of the mid- 
dle points of all chords parallel to aSa', 

The ends of the diameter GC may be found by the con- 
struction of the preceding article. 
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Cor. When the conic is a parabola, SA = AX, 



and 



So 



Sa : €^ :: AX : Ax 

:: SX : a?/. 



and 



Hence 



, Sc : ac 
ac : <2/* 



/SX" : aS/; 

aS'X : A^ 



:: GX.Xf: G/.fX 

and therefore Gc is parallel to aSX, that is, the middle 
points of parallel chords of a parabola lie in a straight line 
parallel to the axis. 




1 78. Prop. III. To find the locus of the middle points 
of all focal chords of a conic. 

Taking the case of a central conic, and referring to the 
figure of the preceding article, let Oc meet SC in N\ 
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then eN : NS :: fX : SX, 

and cN : NC :: GX : CX; 

:. eN* : SN.NC wfX. QX : SX . CX 

::JSX* iSX.CX. 

Hence it follows that the locus of <; is an ellipse of 
which SC is the transyerse axis, and such that the squares 
of its axes are as SX : CX, or^ Cor. Art. (59), as 

Hence the locus of <; is similar to the conic itself. 

EXAMPLES. 

1. The chord of a conic is given in length ; prove that if this . 

length exceed the latiis rectum the distance of the middle poiot 

of the chord froni the directrix is least when the chord passes 

through the focus. 

• 

2. Given a focus, the corresponding directrix, and a tangent 

of a conic, find the point of contact. 

3. If PK be the perpendicular from a point P of a conic 
on the directrix, and SK meet the tangent at the vertex in'^, 
shew that the angles SPE^ KPE are equal. 

4. If Z' be any point in the directrix, and Ey E' points on 
the directrix such \!ti^\, PE-PE'-FS,^xov^ that EA and E'A 
will meet the conic in the points of contact of tangents from P, 

5. The portion of any tangent to a conic, intercepted be- 
tween two fixed tangents, subtends a constant angle at the 
focus. 

6. The focal distance of any point on a conic is eqnal to the 
length of the ordinate at the point produced to meet the tangent 
at the extremity of the latus rectum. 

7. Prove that the normal at any point of a conic bears 
to the semi- latus rectum the ratio of the focal distance of the 
point of contact to the. distance of the focus from the tangent. 

8. If the tangent at the end of the latus rectum meet the 
tangent at the vertex A, in Tj 

AT=A8. 
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9. If an ordinate, PNP\ to the transverse axis meet the 
tangent at the end of the latus rectum in T, 

TP.TF^Sm, 
Shew also that SP = TN, 

10. SR being the semi-latus rectum, if ^^ meet the directrix 
in Et and SE meet the tangent at the vertex in T, 

AT=AS. 

11. A focal chord PSQ of a conic section is produced to 
meet the directrix in K^ and KMj KN are drawn through the 
feet of the ordinates PM, QN of P and Q. If EN produced 
meet PM produced in jR, prove that 

PE:=PM. 

12. Focal chords of an ellipse or hyperbola are in the ratio 
of the squares on the parallel diameters. 

13. The tangents at P and Q, two points in a conic, inter- 
sect in ^; if through P, Q, chords be drawn parallel to the 
tangents at Q and P, and intersecting the conic in p and q 
respectively, and if tangents at p and q meet in T, shew that Tt 
is a diameter. 

14. From any point T, in the tangent at P, TQ is drawn 
perpendicular to SP, and TR' perpendicular to the transverse 
axis, meeting the curve in R; prove that 

SQ=SR. 

16. Two tangents TP^ TQ are drawn to a conic intersecting 
the directrix in P', Q', 

If the chord PQ cut the directrix in iZ, prove that 

SP' : SQ' :: RP' : RQ'. 

36. From any fixed point in the axis a line is drawn perpen- 
dicular to the tangent at P and meeting SP in R ; the locus of 
jS is a circle. 

17. The chord of a conic PP' meets the directrix in JT, and 
the tangents at P and P' meet in T; if RKR', parallel to ST, 
meet the tangents in R and R^, 

KR = KR . 

18. The tangents at P and P\ intersecting in T,>meet the 
latus rectum in B and D'; prove that the lines through D and 
D', respectively perpendicular to SP and SP\ intersect in ST, 
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19. The chorda PQ, P'Q meet the directrix m F taid F ; 
prove that the angle FSF' is half the angle between SP and 
SP'. 

20. PSP' is a focal chord ; shew that any line through S is 
divided harmonically by the directrix and the tangents at P and 
P'. 

21. Having given a focus, a tangent, and the eccentricity 
of a conic section ; prove that the locus of its centre is a circle. 

22. If the chord PQ of a conic meet the directrix in D^ 
shew that SP, SQ are equally inclined to SD. 

23. If Pf Q be two points on a conic, and p^ q two points 
on the directrix such that pq subtends at the focus half the angle 
subtended by PQ, either Pp and Qq or Pq and Qp meet on the 
curve. 

24. A chord PP' of a conic meets the directrix in F, and 
from any point T in PP', TLL' is drawn parallel to &F and 
meeting SP, SP' in L and L' \ prove that the ratio of SL or 
SL' to the distance of T from the directrix is equal to the ratio 
oiSA : AX, 

25. If an ellipse and an hyperbola have their axes coincident 
and proportional, points on them equidistant from one axis have 
the sum of the squares on their distances from the other axis 
constant. 

26. If PQ be the normal at any point P of a conic, and 
QL the perpendicular from Q upon SP, prove that 

QL : PN :: SA : AX, 

PN being the ordinate. 

27. If Q be any point in the normal PG, QR the perpendi- 
cular on SP, and QM the perpendicular on PN, 

QR : PM :: SA : AX, 

28. If normals be drawn at the ends of a focal chord, a line 
through their intersection parallel to the axis of the conic will 
bisect the chord. 

29. The normals at the extremities of a focal chord PSQ of 
a conic intersect in K, and KL is drawn perpendicular to PQ ; 
KF is a diagonal of the parallelogram of which SK, KL are 
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adjacent ndea : prove that KP is parallel to the transverse axis 
of the conic. 

30. Given a focns of a conic section inscribed in a triangle, 
find the points where it touches the sides. 

31. P8Q, is any focal chord of a conic section ; the normals 
at P and Q intersect in K^ and KN is drawn perpendicular to 
PQ^ prove that PN is equal to 8Q^ and hence deduce the locus 

of -y. 

32. If a chord PQ subtend a constant angle at the focus of 
a conic, the locus of the intersection of tangents at P and Q is a 
conic with the same focus and directrix. 

33. If P8Q, be a focal chord, and X the foot of the directrix, 
shew that XPy XQ are equally inclined to the axis. 

84. Through the extremity P, of the diameter PQ of an 
ellipse, the tangent TPT' is drawn meeting two conjugate 
diameters in T, T', From P, Q the lines PR^ QJR are dra^n 
parallel to the same conjugate diameters. Prove that the rect- 
angle under the semiaxes of the ellipse is a mean proportional 
between the triangles PQR and CTT'. 

85. Shew that a conic may be drawn touching the sides of a 
triangle, having one focus at the centre of the circumscribing 
circle, and the other at the orthocentre. 

36. The perpendicular from the focus .of a couic on any 
tangent, and the central radius to the point of contact, intersect 
on the directrix. 

87. A circle is described on the latus rectum of a conic 
through the focus S as diameter, and the common tangent to the 
conic and circle touches the conic in P and the circle in Q ; prove 
that the angle PSQ is bisected by the latus rectum. 

88. AB, AC are tangents to a conic at B^ and C7, and 
DEGP is drawn from a point D in AC, parallel to AB and 
cutting the curve in E and F, and BC in G ; shew that 

DG^=DE.DP, 

89. A diameter of a parabola, vertex P^ meets two tangents 
in D and E and their chord of contact in G, shew that 

FG^^FD.FE. 
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40. If a straight line parallel to an asymptote of an hyper- 
bola meet the curve in F and also meet two tangents in D and 
E and their chords of contact in G ; 

F(P=PD,PE, 

41. P and Q are two fixed points in a parabola, and from 
any other point R in the curve, RPy JIQ are drawn cutting a 
fixed diameter, vertex ^, in ^ ^d C ; prove that the ratio of 
EB to EC IB constant. 

The same theorem is also true for an hyperbola, if a fixed 
line parallel to an asymptote be substituted for the diameter of 
the parabola. 



CHAPTEK X. 

HARMONIC PROPERTIES, POLES AND POLARS. 

179. Dep. a straight line is harmonically dimded 
in two points when the whole line is to one of the extreme 
parts as the other extreme part is to the middle part. 

Thus AD is harmonically divided in C and B, when 

AD : AG :: BD : BG. 

This definition, it will be seen, is the same as that of 
Art. (17), for BD=AD-AB, and BG=AB-AG. 



A C B D 

Under these circumstances the four points A, G^ B, D 
constitute an Harmonic Rangp^ and if through any point 
O four straight lines OA^ 0(J, OB, OD be drawn, these 
four lines constitute an Harmonic Pencil. 

180. Prop. I. If a straight line be drawn parallel 
to one of th.e rays of an harmonic pencil, its segments 
made by the other three will be equals and any straight 
line is divided harmonically by thsfour rays. 

Let AGBD be the given harmonic range, and draw 
EGF through G parallel to OD, and meeting OA^ OB in 
E and F, 

Then AD : AG :: OD : EG, 

and BD : BG :: OD : GF; 

but from the definition 

AD : AG :: BD : BG; 

.-. EG= GF, 
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and any other line parallel to EGF is obviously bisected 
by^a 

Next, let CLchd be any straight line cutting the pencil, 
and draw ^parallel to Od ; so that ec—cf. 




Then ad : ac :: Od : ec, 

and bd : be :: Od : cf\ 

:, ad : ac :: bd : be; 
that is, acbd is harmonically divided. 

If the line cfiha be drawn cutting AO produced, 
then ab : ac :: 08 : ec, 

and iSd : fie :: 08 : cf\ 

.•. ad : ac :: ^8 : /3c, 
or aC : a8 :: fie : /38, 

and similarly it may be shewn in all other cases that the 
line is harmonically divided. 

181. Prop. II. T?ie pencil formed by two straight 
lines and the bisectors qf tlie angles bettceen them is an 
Jiarmonic pencil. 

For, if OA, OB be the lines, and OC, OD th« bisec- 
tors, draw KPL parallel to OG and meeting OA^ OD^ 



192 Harmonic Propertiea. 

OB, Then the angles OKL^ OLK are obviouslj equal, 




and the angles at P are right angles ; therefore KP^PLy 
and the pencil is harmonic. 

182. Prop. III. If ACBD, 4cbd be harmonic 
ranges, the straight lines Cc, Bh, Dd wUl meet in a point, 
as also Cd, cD, Bb. 

For, if Cc, Dd meet in F, join Fb ; then the pencil 




F{Acbd) is harmonic, and will be cut harmonically by 
AD, 
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Hence Fb produced wOl pass througfa B. 
Similarly, if Cd, cD meet in E^ 

E{Acbd) is harmonic, and tkerefore bE produced will 
pass through B, 

Harmonic Properties qf a Quadrilateral. 

In the preceding figure, let CcdD be any quadri- 
lateral ; and let {ie, DC meet in AyCd, cD in E, and Cc, 
Dd'mF. 

Then taking b and ^ so as to divide Acd and ACD 
harmonically, the ranges Adni and ACBD are harmonic, 
and therefore Bb passes through both E and F. 

Similarly it can be shewn that AF is divided harmoni- 
cally in L and Jf, by Dc and dC, 

For EiAcbd) is harmonic and therefore the transversal 
ALFM is harmonically divided. 

183. Prop. IV. If ACBD be an harmonic range, 
and E the middle point of CD, 

EA . EB=EC. 

A € 5 2 B' 

For AD : AC :: BD : BC, 

or AE^EC : AE-EC :: EC+EB : EC-EB; 

.'. AE : EC :: EC : EB, 
or AE.EB=EC^=ED\ 

Hence also, conversely, if EC^=EL^=zAE. EB, the 
range ACBD is harmonic, C and D being on opposite 
sides of E. 

Hence, if a series of points A, a, B, 6,... on a straight 
line be such that 

EA . Ea=EB . Eb=EC. Ec... 

^EP*, 

B. C. S. \'^ 
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and \iEQ=EP, then the several ranges {APaQ),(BPbQ), 
&c. are harmonic. 

184. Def. a system of pairs of points on a straight 
line such that 

EA . Ea=EB . ^6= ... ^EP^=EQ\ 

is called a system in: Involution, the point E being called 
the centre and Py Q the foci of the system. 

Any two corresponding points A, a, are called eovju- 
gate points, and it appears from above that any two con- 
jugate points form, with the foci of the system, an harmo- 
nic range. 

It will be noticed that a focus is a point at which con- 
jugate points coincide, and that the existence of a focus is 
only possible when the points A and a are both on the 
same side of the centre. 

186. Prop. V. Having given two pairs qf points A 
and a, B and b, it is required to find the centre and foci 
of the involution. 

If E be the centre, 

EA : EB :: Eh \ Ea\ 



ij ■ ■ * m _ ^ 

Q EJl B h a 

.-. EA : AB :: Eh : ab, 

or EA : Eh :: AB : ab. 

This determines E, and the foci P and Q are given by 
the relations 

EP^^Ei^^EA.Ea, 

We shall however find the following relation useful. 
Pince EA : Eh :: EB : Ea; 

.-. EA : Ah :: EB : aB, 
or EA :EB :: Ah : aB; 



but 
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Eb : EA :: ab : AB; 

Ab ,ha :: AB . Ba, 
QB : PB; 
QB-PB : PB, 
2.EB : BP; 
EP^ : EB*, 
:: Eb : EB 
:: Ab.bd : AB . Ba. 
This detennines the ratio in which Bb is dirided by P. 



186. If QAPa be an harmonic range and E the middle 
point of PQ, and if a circle be described on PQ as dia- 
meter, the lines joining any point H on this circle with P 
and Q will bisect the angles between AM and aB, 



.'. Eb : EB 

Again^ Qb : Pb 

:.Qb-Pb : Pb 

or 2. EP : Pb 

:. JPl^ : PB" 



For 



EA.Ea=EP^=ER^; 




.'. EA : EB :: ER : Ea, 
and the triangles ARE, aRE are similar. 
Hence AR : aR :: EA : ER 



But Ea : EP :: 

.-. aP : EP :: 

Hence AB : aR :: 

and ARa is bisected by RP, 



EA : EP. 
EP : EA; 
AP : EA. 
AP : aP, 



Vi-^ 
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Hence, if A and a, B and b be conjugate points of a 
system in involution, of which P and Q are the foci, it 
follows that AB and cib subtend equal angles at any point 
of the circle on PQ as diameter. 

This fact also affords a means of obtaining the relations 
of Art. 185. 

We must observe that if the points A, a are on one 
side of the centre and B, b on the other, the angles sub- 
tended by AB, ab are supplementary to each other. 

187. Pkop. VI. If four points form an harmonic 
range, their coiyugates also form an harmonic range. 

Let A, B, C, D he the four points, 

a,b,Cyd their conjugates. 

d c h a A B C D 

Q £ r 

Then, as in Art 185, 

Ea : JSD :: ad : AD ; 
:,AD, Ea=ED , ad. 
Similarly AC.Ea=EC,ac, 

BD,Eb=ED,bd, 
BCEb^ECbc. 
But, ABCD being harmonic, 

AD : AG :: BD : BO; 
,\ ED .ad : EC. ac :: ED.bd : EC, be. 
Hence ad : ac :: bd : be, 

or the range of the conjugates is harmonic. 

188. Prop. VIL If a system of conies pass, through 
four given points, any straight line will be cut by the 
si/stem in a series cf points in involution. 
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The four fixed points being (7, 2>, E^ F^ let the line 
meet one of the conies in A and a, and the straight lines 
CF, ED, in 5 and 6. 

Then the rectangles AB . Ba, CB , BF are in the 
ratio of the squares on parallel diameters, as also are 
Ab . ba and Db . bE. 

Bat the squares on the diameters parallel to CF, ED 
are in the constant ratio KF . IlC : KE . KD ; and, the 
line Bb being given in position, the rectangles CB . BF 
and Db . bE are given ; therefore the rectangles AB . Ba, 
Ab ,ba are in a constant ratio. 




But, Art. .185, this ratio is the same as that of PB^ 
: Plt^, if P be a focus of the involution A, a, B, b. 

Hence P is determined, and all the conies cut the line 
Bb in points which form with B,b2k system in involution. 

We may observe that the foci are the points of contact 
of the two conies which can be drawn through the four 
points touching the line, and that the centre is the inter- 
section of the line with the conic which has one of its 
asymptotes parallel to the line. 

I 

189. Prop. VIII. Ifthrotegh any point two tangents 
be drawn to a conic, any other straight line through the 
point will be divided harmonically by the curve and the 
chord of contact. 
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Let AB, ^C7 be the tangents, ADFE the straight 
line. 

Through 2> and J& draw GDHKy LEMN parallel 
to BC, 

Then the diameter through A bisects DH, and BC, 
and therefore bisects GK\ hence GB^HKy and similarly 
LE^MN, 

Also LEi EN y,GD : DK'y 

.-. LE.EN : LE^ :: GD , DK : GL^, 
or LE.LM iGD. GH :: LE^ : GD* 

:: LA^ : GAK 
But LE.LM :Gb. GH :: ZJ52 : ^(3^; 
hence -4Z : AG :: ^Z : BGy 




and therefore ^jET : AD :: i^J^ : i?7>, 
that is, ADFE IB harmonically divided. 

190. Peop. IX. Jf Uco tangents he drawn to a conic, 
any third tangent is harmonicallg divided by ths two 
tangents, the curve, and the chord qf contact, 

LetDEFG be the third tangent, and through G^, the 
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point in which it meets AG^ draw GHKL parallel to ABy 
cutting the curve and the chord of contact in Hy K, L, 




Then GH. GL : G(P :: AB^ : AC' 

:: GK^ : GC^-y 
.\GH,GL = GK\ 
Hence DGP^ : DE' :: GK^ : BB^ 

GH. GL : Em 
GF^/, EF*; 
that is, DEFG is an harmonic range. 

191. Prop. X. If any straight line meet two tangents 
to a conic in P and Q, the chord of contact in T and the 
conic in R and V, 

PB.PV : QR.QV :: PT^ : QT^. 

Taking the preceding figure, draw the tangent DEFG 
parallel to PQ. 

Then PB.PV : EF^ :: Pm : BE^ 

wPT* : 2)^2. 

and QB.QV : GF* :: Q(P : GC* 

:: QT^ : DG^\ 
but EF : DE :: GF \ DG 

:, PB.PV : PT* :; QB.QV : QTK 
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192. Prop. XI. If chords of a conic he drawn through 
a fixed point the pairs of tangents at their extremities 
will intersect in a fixed line. 

Let B be the fixed point and (7 the centre, and let CB 
meet the cnrve in P. 




Take AmCF such that 

CA : CP :: CP : CB; 
then B is the middle point of the chord of contact of the 
tangents AQ, AR, 

Draw any chord EBFBud let the tangents at E and F 
meet in G : also join CG and draw FN parallel to FF. 
Then if CG meet FF in K and the tangent at P in T^ 

CK.CG=CN.CT; 
.-. CG : CT :: CN : CX 

CP : CB 
CA : CP;. 

hence AG ia parallel to FT, and the point. 6^ therefore 
Jj'es on a fixed line. 
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If the conic be a parabola, we must take AP equal 
to BP : then, remembering that ^G and NT are bisected 
by the curve, the proof is the same. 

193. If ul be the fixed point, and if the chord AEF be 
drawn through A, then, as before, 

CK.CG=CN.CT, 

-4. 




and CG : Gf :: GN : GK 

:: GP : GA 

:: GB : GP; 
therefore BG is parallel to PT and coincides with the 
chord of contact QB. 

Hence, conversely, if from points on a straight line 
pairs of tangents be drawn to a conic, the chords of con- 
tact will pass through a fixed point. 

194. Dep. The locus of the points of intersection of 
tangents at the extremities of chords through a fixed point 
is called the polar of the point 

Also, if from points in a straight line pairs of. tangents 
be drawn to a conic, the point in which all the chords of 
contact intersect is called the pole of the line. 

If the pole be without the curve the polar is the chord 
of contact of tangents from the pole. 
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If the pole be on the curre, the polar is the tangent 
at the point. 

195. Prop. XII. A straight line dratcn through any 
point is divided harmonically hy the point, the curve, 
and the polar of the point. 

If the point be withont the conic this is already proved 
in Art (189). 

If it be within the conic, as j? in the figore of Art. (192), 
then, drawing any chord FBEV meeting in V the polar 
of B, the chord of contact of tangents from V passes 
through B, by Art. (192), and the line T^^F is therefore 
harmonically divided. 

Hence the polar may be constructed by drawing two 
chords through the pole and dividing them harmonically ; 
the line joining the points of division is the polar. 

196. Prop. XIII. The polar s of two points intersect 
in th^ pole qfthe line joining ths two points. 

For, if ^, ^ be the two points and the pole of AB, 
the line ^0 is divided harmonically by the curve, and 
therefore the polar of A passes through the point O. 

Similarly the polar of B passes through ; 

That is, the polars of A and B intersect in the pole 
oiAB. 

197. Prop. XIV. If a quadrilateral he inscribed in 
a conic, its opposite sides and diagonals will intersect in 
three points such that ea>ch is the pole of the line joining 
the other two. 

Let A BCD be the quadrilateral, F and G the points 
of intersection of AD, BO, and of DC, AB. 

Let EG meet FA, FB, in Z and itf. 

Then, Art. (182), FDLA and FCMB are harmonic 

ranges ; 

Therefore L and M are both on the polar of F, Art. 
(195%. and EG is the polar of F. 



Poles aiid Polars, 203 

Similarly, EF is the polar of O, and therefore E is 
the pole of FG ; Art (196). 




198. Def. If each of the sides of a triangle be the 
polar, with regard to a conic, of the opposite angular point, 
the triangle is said to be self-conjugate with regard to the 
conic. 

Thus the triangle EGF in the above figure is self- 
conjugate. 

To construct a self-conjugate triangle, take a straight 
line AB and find its pole C, 

Draw through O any straight line CD cutting AB in 
Z>, and find the pole E of CD, which lies on AB : then 
CDE is self-conjugate. 

199. Prop. XV. J[f a quudrilaterdl circumscribe a 
conic, its three diagonals form a self-conjugate triangle. 

Let the polar of F (that is, the chord of contact -PP), 
meet FG in R; then, since R is on the polar of F, it 
follows that F is on the polar of R. 

Now F {A EBG) is harmonic. Art. (182), and if FE meet 
PP in T, P'TPR is an harmonic range; hence, by the 
theorem of Art. (19S), FE is the polar of R. 
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Similarly, if the other chord of contact QQ^ meet FO in 
B', GEiBthe^hr of E'; 




/. F is the pole of RR\ that is, of LK. 

Again, DEBK is harmonic, and, if QP meet ACm S 
and CJT in V, QSP V is harmonic, and /. S is on the polar 
of V ; hence, IS being on the polar of (7, (7F, that is CKy 
is the polar of S» 

Similarly, if P'Q' meet AG'mS\AK^A the polar of S' ; 

.-. ^is the pole of S^, that is, of EL. 

ELK is therefore a self-conjugate triangle. 

200. Prop. XVI. If a system of conies have a com- 
mon self -conjugate triangle, any straight line passing 
through one of the angular points of the triangle is cut 
in a series of points in involution. 

For, if ABC be the triangle, and a lino APDQ meet 
BC in 2), and the conic in P and Q, APDQ is an har- 
monic range, and all the pairs of points P, Q form with 
A and 2> an harmonic range. 

Hence the pairs of points form a system in involution, 
of which A and 2> are the foci. ^ 
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201. Prop. XVII. The pencil formed hy the polars 
of the four points of an harmonic range is an harmonic 
pencil. 

Let 'ABCD be the range, the pole of AD, 

Let the polars Oa, Ob, Oc, Od meet AD in a,' 6, <J, rf, 
and let AD meet the conic in P and Q, 

d h c a ■ 

Q P A O B 3 

Then APaQ, CPcQ, &c. are harmonic ranges; and 
therefore, Arts. 183, 184, a, c, 5., d are the coi^jiigates of 
A, C, B, 2). 

Hence, Ai't. (187), the range acbd is harmonic, ai^d there- 
fore the pencil (acbd) is harmonic. 

Reciprocal Polars. 

202. The pole of a line with regard to any conic being 
a point and the polar of a point a line, it follows that any 
system of points and lines can be transformed into a 
system of linos and points. 

This process is called reciprocation, and it is clear that 
any theorem relating to the original system will have its 
analogue in the system formed by reciprocation. 

■ 

Thus, if a series of lines be concurrent^ the corre- 
sponding points are collinear; and the theorem of Art. 
(201) is an instance of the effect of reciprocation. 

203. Dep, If a point move in a curve ((7), its polar 
will always touch some other curve {G^ ; this latter curve 
is called the reciprocal polar of {O) with regard to the 
auxiliary conic. 

Prop. XVII. Jf a curve C he the polar of G, then 
will G he the polar of G\ 

For, if P, P^ be two consecutive points of G, the inter- 
section of the polars of P and P' is a point Q, which is 
the pole of the line PP; 

But the point Q is ultimately, when P and P' ^sss®.- 
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cide, the point of contact of the cnire which is tonciied 
by the polar of P. 

Hence the polar of any point Q of (7 is sl tangent 
to the curve C. 

204. So far we have considered poles and polars 
generally with regard to any conic; we shall now confine 
our attention to the simple case in which a circle is the 
auxiliary curve. 

In this case, if AB be a line, P its pole, and CYihe 
perpendicular from the centre of the cirde on AB^ the 
rectangle CP. CY is equal to the square on the radius 
of the circle. 

A simple construction is thus given for the pole of a 
line, or the polar of a point. 

205. As aQ illustration take the theorem of the exist- 
ence of the orthocentre in a triangle. 

Let AOD, BOB, COF be the perpendiculars, O being 
the orthocentre. 

The polar reciprocal of the line BC is a point A% and 
of the point A a line B'C, j 

To the line AD corresponds a point P on B'C^ and \ 

since ADB is a right angle, it follows that PSA' is a ' 

right angle, jS' being the centre of the auxiliaiy circle. 

And, similarly, if SQ, SR, perpendiculars to SB\ S(7, 
meet CA' and A'B' in Q and B, these points corresiKmd 
to BB and CF. 

But ADy BB, CF are concurrent, 

.'. P, Qj R are collinear. 

Hence the reciprocal theorem. 

If from any point S lines he drawn perpendicular 
respectively to SA\ SB% SC\ and meeting BO, CA\ 
AB' in P, Q, and R, these points are collinear. 

As a second illustration take the theorem, 

If Af B be two fixed points^ and AC, BC (U right 
angles to each other, the locus of C is a circle. 

Taking 0, the middle point of AB, as the centre of 
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the auxiliary circle, the reciprocals of A and B are two 
parallel straight lines, PE, QF, perpendicular to AB ; the 
reciprocals ot AC, BCare points P, Q on these lines such 
that POQ is a right angle, and PQ is the reciprocal 
of a 

Hence, the locus of C being a circle, it follows that PQ 
always touches a circle. 

The reciprocal theorem therefore is, 

J/ a straight line PQ, bounded hy two parallel straight 
lines, subtend a right angle at a point 0, halfway between 
the lines, the line PQ always touches a circle, having 
for its centre, 

206. Prop. XVIII. The reciprocal polar of a circle 
with regard to another circle, called the auxiliary circle, 
is a conic, a focus of which is the centre of the auxiliary 
circle, and the corresponding directrix the polar of the 
centre of the reciprocated circle. 

Let S be the centre of the auxiliary circle, and KX 
the polar of C, the centre of the reciprocated circle. 




Then, if P be the pole of a tangent QY to the circle 
C, SP meeting this tangent in Y, 

sp,SY=sx,sa 
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Therefore drawing SL parallel to QY, 


SP 


: SC :: 


SX : 


: QL, 


But, by similar triaDgles, 






SP 


: SC ;: 


SN : 


: CL; 


.'. SP 


: SC :: 


JSX 


: CQ, 


SP : 


PK :: 


SC : 


CQ. 



or 

Hence the locus of P is a conic, focus S, directrix JOT, 
and haying for its eccentricity the ratio of SC to CQ. 

The reciprocal polar of a circle is therefore an ellipse, 
parabola or hyperbola, as the point S is within, upon, or 
without the circumference of the circle. 

207. Prop. XIX To find the latm rectum and axes 
of the reciprocal conic. 

The ends of the latus rectum are the poles of the tai^ 
gents parallel to SC 

Hence, if SR be the semi-latus rectum, 

SR.CQ=^SE\ 

SE being the radius of the auxiliary circle. 




The ends of ^ the transverse axis A^ A' are the poles 
of the tangents at F and G ; 

.\SA,SG=SE\ 

and SA\SF=SE\ 
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Let SU, SU' be the tangents from S^ then 

SG,SF=SU\ 

,\SA' : SG :: SE^ ; SU^l /„n 

and SA : JSF :: SE^ : SU^,) 

Hence AA' : FG :: SE^ : SU^, 

or, if be the centre of the reciprocal, 

AG : CQ :: aS^^ . jsiP. 
Again, if BOS' be the conjugate axis, 

BG^=SE.AO; 
therefore, since SE^ = SR . CQ, 

BG" : SE^ :: AG : CQ 
:: SE^ : SU\ 
and BG.su =SE\ 

The centre 0, it may be remarked, is the pole of UW, 
For, from the relations (a), 

SE^ : 8U^ :; SA-^SA' : SF-hSG 

SG : SC 

SG.SM : SC.SM; 
.-, SG.SM =SEK 

208. In the fig^es drawn, the reciprocal conic is an 
hyperbola ; the asymptotes are therefore the lines through 
G perpendicular to SU and SU\ the poles of these lines 
being at an infinite distance. 

The semi-conjugate axis is equal to the perpendicular 
from the focus on the asymptote, Art (99), i. e, if GD be the 
asymptote, SD is equal to the semi-conjugate axis. 

Further, since GD is perpendicular to SU, and G is 
the pole of UU\ it follows that Z> is the pole of CU, and 

.\ SD.su =SE*, 

as we have already shewn, 

B. c, 8. \^ 
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AgaiD, 2) being the intersection of the polars of C and 
U, is the intersection of SU and the directrix. 

209. If the point S be within the circle, so that the 
reciprocal is an ellipse, the axes are given by similar 
relations. 

Through S draw ^27 perpendicular to FQ, 




Then SF.SG^SU^ 

and exactly as in the case of the hyperbola, 

AO I CQ :: 8E^ : SU\ 

and BO . SU=8E\ 

210. The important Theorem we have just considered 
enables us to deduce from any property of a circle, a cor- 
responding property of a conic, and we are thus furnished 
Yfiih a method^ which may serve to give easy proofs of 
known properties, or to reveal new properties of conies. 

In the process of reciprocation we observe that points 
become lines and lines points ; that a tangent to a curve 
reciprocates into a point on the reciprocal, that a carve 
inscribed in a triangle becomes a curve circumscribing a 
triangle, and that when the auxiliary, curve is a circle, the 
reciprocal of a circle is a conic, the latus rectum of which 
vanea inversely as the radius of the circle. 
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211. We give a few instances ; 
Theorem. 



Eeoipbooal. 



The angles in the same seg- 
ment of a circle are equaL 



Two of the common tan- 
gents of two equal circles are 
parallel. 



If a chord of a circle sub- 
tend a constant angle at a fixed 
point on the curve, the chord 
always touches a circle. 



If a chord of a circle pass 
through a fixed point, the rect- 
angle contained by the seg- 
ments is constant. 

If two chords be drawn 
from a fixed point on a circle 
at right angles to each other, 
the line joining their ends passes 
through the centre. 

If a circle be inscribed in a 
triangle, the lines joining the 
vertices with the points of con- 
tact meet in a point. 

The sum of the reciprocals 
of the radii of the escribed cir- 
cles of a triangle is equal to 
the reciprociil of the inscribed 
cirde. 



If a moveable tangent of a 
conic meet two fixed tangents, 
the intercepted portion sub- 
tends a constant angle at the 
focus. 

If two conies have the same 
focus, and equal latera recta, 
the straight line joining two of 
their common points passes 
through the focus. 

If two tangents of a conio 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a constant angle at the 
focus, the locus of the intersec- 
tion of the moving tangents is 
a conio having the same focus 
and directrix. 

The rectangle contained by 
the perpendiculars from the 
focus on two parallel tangents 
is constant. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a right angle at the focus, 
the two moveable tangentsmeet 
in the directrix. 

If a triangle be inscribed in 
a conio the tangents at the ver- 
tices meet the opposite sides in 
three points lying in a straight 
line. 

With a given point as focus, 
four conies can be drawn cir- 
cumscribing a triangle, and the 
latus rectum of one is equal to 
the sum of the latera recta of 
the other three. 



\V— ^ 
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EXAMPLES. 

1. If a series of circles pass through the same two points, 
any transversal will be cut by the circles in a series of points in 
involution. 

2. If be the centre of the circle circumscribing a triangle 
ABC, and B'C, C'A\ A'B, the respective polars with regiurd 
to a concentric circle of the points A, B, C, prove that is the 
centre of the circle inscribed in the triangle A'BC\ 

3. OA^ OB, 00 being three straight lines given in position, 
shew that there are three other straight lines each of which forms 
with OAy OB, OC an harmonic pencil ; and diat each of the 
three OA, OB, 00 forms with the second three an harmonic 
pencil* 

4. The straight line A BCD is divided harmonically in the 
points B, C; prove that if a circle be described on AC as 
diameter, any circle passing through B and D will cut it at right 
angles. 

5. Three straight lines AD, AB, AP are drawn through a 
fixed point A, and fixed points B, C, D are taken in AD, such 
th&t A BCD is an harmonic range. Any straight line through C 
intersects AE and AF in E and F, and BE, DF intersect 
in P; DE, BF in Q. Shew that P and Q always lie in a 
straight line through A, forming with AD, AE, AF an har* 
monic pencil. 

6. CA, CB are two tangents to a conic section, a fixed 
point in AB, POQ any chord of the conic ; prove that the inter- 
sections of AP, BQ, and also of AQ, BP lie in a fixed straight 
line which forms with CA, CO, CB an harmonic penciL 

7. If three conies pass through the same four points, the 
common tangent to two of them is divided harmonically by the 
third. 

8. Two conies intersect in four points, and through the 
intersection of two of their common chords a tangent is 
drawn to one of them; prove that it is divided harmonically by 
the other. 

9. Prove that the two tangents through any point to a 
conic, any line through the point and the line to the pole of the 
hut line, form an harmonic pencil. 
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10. Shew that the asymptotes of an hyperbola form, with 
any pair of conjugate diameters, an harmonic pencil. 

11. Shew, from Arts. 195 and 196, that the centre of a conic 
is the pole of a line at an infinite distance. 

12. PSQ and PS'R are two focal chords of an ellipse ; two 
other ellipses are described having P for a common focus, and 
touching the first ellipse at Q and R respectively. The three 
ellipses have equal major axes. Prove that the directrices of the 
last two ellipses pass through the pole of QR, 

13. Tangents from T touch an ellipse in P and Q, and PQ, 
meets the directrices in R and K ; shew that PR and QK sub- 
tend equal angles at T, 

14. The poles of a given straight line, with respect to sections 
through it of a given cone, all lie upon a straight line passing 
through the yertex of the cone. 

15. If from a given point in the axis of a conic a chord be 
drawn, the perpendicular from the pole of the chord upon the 
chord will meet the axis in a fixed point. 

16. Q \A any point in the tangent at a point P of a conic ; 
QO perpendicular to CP meets the normal at P in (?, and QE 
perpendicular to the polar of Q meets the normal at P in E; 
prove that EO is constant and equal to the radius of curvature 
at P. 

• ^ 

17. If any triangle be reciprocated with regard to its ortho- 
centre, the reciprocal triangle will be similar and similarly 
situated to the original one and will have the same orthocentre. 

18. If two conies have the same focus and directrix, and a 
focal chord be drawn, the four tangents at the points where it 
meets the conies intersect in the same point of the directrix. 

19. An ellipse and a parabola have a common focus ; prove 
that the ellipse either intersects the parabola in two points and 
has two common tangents with it, or else does not cut it. 

20. Prove that the reciprocal polar of the circumscribed 
circle of a triangle with regard to the inscribed circle is an 
ellipfle, the major axis of which is equal in length to the radius 
of Uie inscribed circle. 
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21, FhsretiiAt &cir{M»abola%kairiB^aeaaiBioii feeoi^ maj 
be deaeiihed wo thai cadk dntt ton^ three <Hit of Smu- givai 
strai^t tiDes, 

22. A triangle JB^ draraMeribes a parahola, foeoi 5; 
thTOfigfa J^6^ Kikes are drawn rvspectiTelj perpen&alar to SA^ 
SB, SO; dkew that these fines meet in a point. 

23, A tangent to an elHpae at a point P intcnects a fixed 
tangent in T; if tfaroogfa a foeas S a Une be drawn pcrpendimlar 
to ST, meeting the tangent at P in Q, the loeas of Q is a straight 
line toodung the elfipse. 

24, Trawe that the distances, firom the centre of a cirdc^ of 
any two poles are to one another as their distanffs firom the 
alternate polars. 

25, If P, Q, Rhe three points oo a conic, and PJK, QR 
meet the directrix in p, q, the angle which pq subtends at the 
corresponding focos is half the an^ wbidi PQ snbtends. 

26, 'Recsprooiie the theorems, 

(1) The opposite ang^ of any qnadrilateral inscribed 
in a drde are equal to two right angles. 

(2) If a line be drawn from the focos of an elfipse 
making a constant an|^ with the tangent, the 
locos of its intersection with the tangent is a 
circle. 

27. The locus of the intersection of two tangents to a para- 
bola which include a constant angle is an hyperbolay having the 
same ibcus and directrix. 

28. Two ellipses having a common focos cannot intersect in 
more than two real points, but two hyperbolas, or an eUipee and 
hyperbola, may do so. 

29. ABC is any triangle and P any point : four conic see* 
tions are described with a given focus touching the sides oi the 
triangles ABC, PBC, PCA, PAB respectively, shew that they 
all have a common tangent. 

30. TPf TQ are tangents to a parabola catting the directrix 
respectively in X and Y ; E8F is a straight line drawn through 
the focus 8 perpendicular to ST, cutting TP, TQ respectively 
in E, F; prove that the lines EY, XF are tangents to the para- 
bola. 
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81. With the orthocentre of a triangle m focus, two conies 
are described touching a side of the triangle and having the other 
two sides as directrices respectively ; shew that their minor axes 
are equal. 

82. Conies have a focus and a pair of tangents common ; the 
corresponding directrices will pass through a fixed point, and all 
the centres lie on the same straight line. 

83. The focal distances of a point on a conic meet the curve 
again in Q^R; shew that the pole of Qi2 will lie upon the normal 
at the first point. 

84. The tangent at any point ^ of a conic is cut by two 
other tangents and their chord of eontact in B, O, D ; shew that 
(ABDC) is harmonic 

85. PQ, is the chord, of a conic having its pole on the chord 
AB, (or A B produced) ; Qq is drawn parallel to AB meeting the 
conic in q ; shew that Pq bisects the chord A B, 

86. Prove that with a given point as focus, four conies can 
be drawn circumscribing a given triangle, and that the sum of 
the latera recta of three of them will equal the latus rectum of 
the fourth. 

If the sides of the triangle subtend equal angles at the given 
point one of the conies will touch the other three. 

87. Two parabolas have a common focus 8 ; parallel tangents 
are drawn to them at P and Q intersecting the common tangent 
in P" and Q' ; prove that the angle P8Q, is equal to the angle 
between the axes, and the angle FSQ' is supplementary. 

Deduce the reciprocal Theorem for two circles. 

88. Two circles can be reciprocated into a pair of confocal 
conies. 

39. A system of coaxal circles can be reciprocated into a 
system of confocal conies. 

40. ABC is a given triangle, 8 a given point ; on BC, CA^ 
AB respectively, points A\ B\ C are taken, such that each of 
the angles ASA\ BSB, CSC, is a right angle. Prove tljat 
A', B'f C lie in the same straight line, and that the latera 
recta of the four conies, which have 8 for a common focufl, and 
respectively touch the three sides of the triangles ABC, AB'C, 
A'BC\ ABC are equal to one another. 
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41. 8 is the focus of a conic; P, Q two points on it^Buch 
th^t the angle P8Q, is constant ; through 5, SR, ST are drawn 
meeting the tangents at P, Q in iZ, T respectively, and so that 
the angles PSR, QST are constant; shew that JRT always 
touches a conic having the same focus and directrix as the 
original conic. 

42. OA , OB are common tangents to two conies . having a 
common focus S, CA, CB are tangents at one of their points 
of intersection, BD, AE tangents intersecting CA, CB, in D, E, 
Prove that 8DE is a straight line. 

43. An hyperbola, of v^hich 8 is one focus, touches the sides 
of a triangle ^J9C7; the lines 8A, 8B, 80 are drawn, and also lines 
8D, 8E, 8F respectively perpendicular to the former three lines, 
and meeting any tangent to the curve in 2), E, F; shew that the 
lines ADf BEi OF are concurrent. 



CHAPTER XI. 

THE CONSTRUCTION OP A CONIC FROM GIVEN 

CONDITIONS. 

212. It will be found that, in general, five conditions 
are sufficient to determine a conic, but it sometimes bap- 
pens that two or more conies can be constructed which 
will satisfy the given conditions. We may have, as given 
conditions, points and tangents of the curve, tihe directions 
of axes or conjugate diameters, the position of the centre, 
or any characteristic or especial property of the curve. 

Prop. I. To construct a parabola, passing through 
three giten points, and having the direction qf its axis 
given. 

In this case the fact that the conic is a parabola is one 
of the conditions. 




Let P, Q, R be the given points, and let RE parallel 
to the given direction meet PQ in E, 
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If j^ be the middle point of PQ, R is the vertex of the 
diameter RE ; but, if not, bisecting PQ in F, draw the 
diameter through V and take A such that 

AV : RE ::QV^ :QE.EP. 

Then A is the vertex of the diameter A V, 

If the point E do not fall between P and Q.A must 
be taken on the side of PQ which is opposite to R, 

The focus may then be found by taking A U such that 

QV^^^AV.AU, 

and by then drawing £7/9 parallel to QF and taking A8 
equal \xi AU. 

213. Prop. II. To describe a parabola through four 
given points. 

First, let ABGD be four points in a given parabola, 
and let the diameter C!Fmeet AD in F, 




Draw the tangents PT.QT parallel to AD, BO, and 
the diameter QF meeting PTm V. 
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Then JSD.EA : EC.EB :: TF* : TQ» 

EF^ : EC^. 

Hence the construction ; hi EA take j&^Fsnch that 

EF^ : EG^ :: ED.EA : EC.EB, 

then CF is the direction of the axis, and the problem is 
reduced to the preceding. 

If the point ^be taken in ^J^'produced^ another para- 
bola can be drawn, so that, in general, two parabolas can 
be drawn throiigh four points. 

214. This problem may be treated differently by help 
of the theorem of Art. (48), viz. ; 

If from a point 0, ouiside a parabola^ a tangent OMy 
and a chord GAB he dravm, and if the diameter ME 
meet the chord in Ey 

GE^=GA.GB. 




Let Aj Bf Gt D he the given points, and let E, E\ 
i^, ^', be so taken that 
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OEi=OE^=OA,OB, 

and 0F*= 0F'^= OC. OD. 

Then EF and E'F' are diameters, and KL^ the polar 
of 0, will meet ^^and E'F' in M, N, the points of contact 
of tangents from 0. 

The second parabola is obtained by tatdng for diameters 
EF and E'F. 

215. Prop. III. Any conic pcusing through four 
points has a pair qf conjugate diameters parallel to the 
aopes of the two parabolas which can be drawn through the 
four points. 




Let TP, TQ be the tangents parallel to OAB and OCD, 
and such that the angle PTQ is equal to AOC, 

Then, if OE^^OA . OB and OF^=OC . OD, 
OE* : OF^ :: OA.OB : OG. OD 
:: TF^ : T^ 
.-. EF is parallel to PQ. 

Hence, if B and F be the middle points of EF and PQ. 
OB is parallel to TV; 

But taking OF' equal to OF, OB is parallel to EF*, 

••. TV and PQ are parallel to EF' and ^2^; 

t.«. the conjugate diameters parallel to TF sixid PQ 
are parallel to the axes of the two parabolas. 
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216. Peop. IV. Having given a pair qf corrugate, 
diameters, PCP', DCU^ U is required to construct the 
ellipse. 

In CP take E such that PE . PC= CIP, draw PF 
perpendicular to CD and take FC equal to FO. 




About CEC describe a circle, cutting PF in 6^ and 6^'; 

then PG.PO'=PE. PC= CZ>", 

and GCO' is a right angle; therefore (7(7 and CO' are the 
directions of the axes and their lengths are given by the 
relations, 

PQ.PF^BC\ 
PG'.PF^AC^. 
We may obsenre that, being the centre of the drde, 

AC^+BC*=PF.PQ+PF.P€f 
= 2.PF.P0 
^2.PC.PN, 
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if iV be the middle point of CE, 

^PC^+PC.PE 

=^CP^+CL^. 

If PE' be taken equal to PE in CP produced, and the 
same construction be made, we shall obtain the axes of an 
hyperbola having CP, CD for a pair of conjugate seuii- 
diameters. 

217. This problem may be treated also as follows. 

In PjP, the perpendicular on CD, take 

PK=PK' = CD, 

then PK^=PQ.PG\ 

and therefore K'GKG' is an harmouic range ; and QCG' 
being a right angle, it follows, Art. 181, that CG and CG' 
are the bisectors of the angles between CK and CK\ 

Hence, knowing CP and CD^ G and G' are determined. 

218. Prop. V. Having given the focuu and three 
points of a conic, to find ike directrix. 

Let A, By (7, S be the three points and the focus. 
Produce BA to 2> so that 

BD : AD :: SB : SA, 
and CB to E, so that 

BE : CE :: SB : SC; 

then DE is the directrix. 

The lines BA, BC may be also divided internally in the 
same ratio, so that four solutions are generally possible. 

Conversely, if three points A, B, C and the directrix 
are given, let BA, BC meet the directrix in D and E; 
then AS'lies on a circle, the locus of a point, the distances of 
which from A and B are in the ratio of AD to DB, 

S lies also on a circle, similarly constructed with regard 
to BCE\ the intersection of these circles gives two points, 
either of which may be the focus. 
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219. Peop. VI. Having given the centre, the direc- 
tions of a pair qf conjugate diameters, and two points of 
an ellipse, to describe the ellipse. 

If C7 be the centre, CA^ CB the giyen directions^ and 
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P, Q the points, draw QMQ!, PLF' parallel to CB and 
CA, and make Q' Jf = QM and P'L = PL. 

Then the ellipse will evidently pass through P' and Q', 
and if (7^^, C^ be the ooigugate radii, their ratio is given 
by the relation 

CA^ : C5« :: EP . EP' : EQ . EQ, 

E being the point of intersection of P'P and Q'Q. 

Set up a straight line ND perpendicular to GA and 
such that 

NL^ : iVP2 :: EP . EP" i EQ . EQ, 

and descril>e a circle, radius CD and centre C cutting CA 
in A, and take 

CB : CA :: NP : ND. 

Then AN.NA'=ND\ 

and PiV» : ^iV. iVT/l' :; CB^ : (741 

Hence (74, CB are determined, and the ellipse passes 
through P and Q. 



224 The Construction of a Conic 

220. Peop. VII. To describe a conic passing through 
a given point and touching two given straight lines in 
given points. 

Let OAy OB be the given tangents, A and B the paints 
of contact, N the middle point of AB, 




Ist. Let the given point 2) be in ON] then, if 
ND=^OD, the curve is a parabola. 

But if ND< OD, the curve is an ellipse, and, taking G. 
such that OC . GN= CL^, the point C is the centre. 

ltND>OD.ih.e curve iQ an hyperbola and its centre 
is found in the same manner. 

2nd, If the given point be E, not in ON, draw GEFy 
parallel to AB, and make FL equal to EL. 

Take K such that 

GK*=GE.GF, 

then AK produced will meet ON in 2>, and the problon 
is reduced to the first case. 

To justify this construction, observe that if DJfhe the 
tangent at !>, 

GE.GF: GA* :: DM\: MA* 

v.GK* : GA\ 

so that GE.GF=^GK\ 
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221. Prop. VIII. To draw a conic through five given 
points. • 

Let A,ByC,D,E be the fire points, and F the inter- 
section of JDE, AB, 




Draw CG, CH^ parallel respectively to AB and ED and 
meeting ED, AB in G and H, 

If -F and G fall between D and E, and /"and ^be- 
tween A and 5, take GP in (7(y produced and HQ in C7^ 
produced, such that 

CG.GP : DG. GE :: ^jP. FB : DF. FE, 

md CH.BTQ : Aff.HB :: DF,FE : AF.FB; 

Then, Arts. (86) and (129), P and Q are points in the 
conic. 

Also PC, AB being parallel chords, the line joining 
their middle points is a diameter, and another diameter is 
obtained from CQ and DE, 

If these diameters are parallel, the conic is a parabola, 
and we fall upon the case of Prop. II. ; but if they inter- 
sect in a point 0, this point is the centre of the conic, 
and, having the centre, the direction of a diametev., ^xA 
B. 0. s. Vb 
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two ordinates of that diameto*, we &U vpoii the cue oi 
¥fop.YL 

The figure is drawn for the case in whidi the pentagon 
AEBCD is not re-entering, in whidi case the conic may be 
an ellipse, a paralKda, or an hypaiwla. 

If any one pcnnt &11 within the qn&drflatenl fonned by 
the other foor^ the conre is an hyperbola. 

In all cases the points P, Q most be taken in accord- 
ance with the following rola 

The points (7, PyOr C,Q must be on the same or dif- 
ferent sides of the points G, or ZT, according as the points 
Z>, Ej or B, A are on the same or different sides of the 
points G or H. 

Thos, if the point E be between /> and F, and if 6r be 
between D and E, and ff between A and B, the points P 
and C wHl be on tiie same side of Gy and C, Q on the same 
side o(H, but if i/ Ml outside A and B^ C and Q will be 
on opposite sides of II. 

Remembering that if a straight line meet only one 
branch of an hyperbola, any parallel line will meet only 
cue branch, and that if it meet bot^ branches, any parallel 
will meet both branches, the role may be establii^ed by 
an examination of the different cases. 

222. The above constroction depends only on the ele- 
mentary properties of Conies, which are given in Chapters 
I, II, III, and lY. For some farther constructions we 
shall adopt another method depending on harmonic pro- 
perties. 

Prop. IX, Having given two pairs qf lines OAyOA\ 
and OBy OB", to find a pair of lines OCy 0C\ fchich shall 
make with each of the given pairs an harmonic pencil. 

This is at once effected by help of Art (185). 

For, if any transversal cut the lines in the points c, a, b, 
dy h'y a'^ the points <?, cf are the foci of the involution, in 
which a, a' are conjugate, and also &, Vy the centre of the 
i/i volution being the middle point of cc'. 
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223. Prop. X. J[f two points and two tangents qf a 
conic be given^ the chord of contact intersects the given 
chord in one qf two fixed points*. 

Let OP, OQ be the giyen tangents, A and B the given 




points, and (7 the intersection of AB and the chord of con- 
tact 

Let OC be the polar of (7, and let AB meet OC in 2>, 

Then C is on the polar of 7>, and therefore DBCA is 
an harmonic range. 

Also, C being on the polar of C\ C'QCPis an harmonic 
range. 

Hence if two lines OC, OC be found, which are har- 
monic with OA, OB, and also with OP, OQ, these lines 
intersect AB in two points C and Z>, through one of which 
the chord of contact must pass. 

. Or thus, if the tangents meet AB in a and &, find the 
foci C and D of the involution AB,ab; the chord of con- 
tact passes through one of these points. 

* I am indebted to Mr Worthington for much valuable assist- 
ance in this chapter, and especially for the constructions <^C 
Articles 223, 225, 226-, and 229. 
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224. Pmop. XL Hating fpzem tkrm poinig amd two 
tangeniM^ toJLnd ike chord qfcemUa^L 

In the precediiig figure ki OP, OQ be the tugenfa, 
and A, B, EU» pmaU, 

Fmd Oa, OC haimome with OA, OB, and OP, OQ; 
Hmo find OF, OG hannonk with OA, OE and OP, OQ, 

Then any one of the foor lines jcnning Cor D to For 
G ]b % diord of contact, and the diord of eontact and 
point* of contact being kiHOwn, the case lednoes to that of 

Art (220). 

Hence foor sodi conies can in general be described. 

225. Pbop. XIL To detcribe a conic, pamng through 
two given points, and touching three given straight lines. 

Let AB, the line j(Hning the giv&i. points, meet the 
giyen tangents QB, RP, PQ, mN,M,L. 




Find the foci C, D of the involution A, B and L, M; 

Then FZ, the polar of Py passes thiongh Cor 2>. Art 
223. 

Also find the foci, F, G, of the involution A, B, and 
3f, N; then XY, the polar of jB, passes through For G. 

Let ZX meet PR in T; then T is on the polar of Q, 
and Q y is the polar of T. 

Hence TXUZ is harmonic ; 

therefore MFVC is harmonic 
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This determines F, and joining QV, we obtain the 
point of contact Y, 

*Then, joining YC and YF, Z and X are obtained, and, 
X, y, Z being points of contact, we hare five points, and 
can describe the conic by the construction of Art. (221), or 
1^ that of Art. (228). 

Since either C or D may be taken with F or O, there 
are in general four solutions of the probleoL 

226. Prop. XIII. To describe a eonicy having given 
/our points and one tangent. 

Let A,B,C,D be the given points, and complete the 
quadrilateral 



Cf 




Then J^is the pole of FO, and if the given tangent KL 
meet FGAn JT, E is on the polar of K; therefore the other 
tangent through JT forms an harmonic pencil with KF, 
KL, KE\ 

HencftMro tangents being known, and a point E in the 
chord of ^tact, if we find two points P, P^ in Ay B, such 
that JTP, KP^ are harmonic with KA, KB, and also with 
KL, KL\ we shall have two chords of contact EP, EP% 
and therefore two points of contact for KL and also 
for KL\ 

Hence two conies can be described. 

We observe that if two conies pass through four points, 
their common tangents meet on one of the sides of the self- 
coi^ugate triangle EFO. 
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227. Peop. XIV. Given four tangents and one pointy 
to construct the conic. 

Let ABCD be the given circumscribing quadrilatera], 
and J? the given point Completing the figure, draw LEF 




through i?and Fy and complete the harmonic range LEFE\ 
then, since F is the p(de of HQ^ Art (197), ^^ is a point in 
the conic 

Also since f is the pole of FA^ Art 199> the chocd of 
contact of the tangents, ABy AD passes through K, 

Hence the ccmstruction is the same as that of Art 226^ 
and there are two solutions of the probleDi. 



228. Fsop. XY. GiMm Jvm poiniSy to eomtirmet tk4 
conic 

Let Ay By CyDyEhe the five pcnnta^ and ooiiqiliete the 
quadrilateral ABCD. 

Th^i IT is the pole of FG, and FG passes throoQ^ the 
points of contact P, Q of the tangents firom A 

Join HEy cutting FG in AT, and complete the hannonk 
range HEKE'\ then ^' is a point in the conic 

Also AEy BE' will intersect JT? in the same point JT, 
and E'Ay EB wiU also intersect FG in the same point G'> 
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But OPFQ and G'PF'Q are both harmonic ranges; 
therefore P and Q are the foci of an involution of which 
jP, G and F\ O^ are pairs of conjugate points. 




Hence, finding these foci, P and Q, the tangents RP^ 
HQ are known, and the case is reduced to that of Prop. VII. 

Hence only one conic can be drawn through five points. 

229. Prop. XV I. Given Jive tangents y to find the points 
cf contact. 

Let ABODE be the circumscribing pentagon. Con- 

.3? 




sidering the quadrilateral FBCD, join FC, BD meeting 
inJT. 
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Then, (Art 199), K is the pole of the line joining the 

intersections of FB^ CD, and of FD^ BC\ that is, the 

chords of contact of BF^ CD, and of BCy FD meet in JT. 
« 
Similarly if BG, AC meet in Z, the chords of contact of 

AB, CGy and of BC, AG meet in L. 

Hence KL is the chord of contact of AB, CD, and 
therefore determines M, N the points of contact 

Hence it will be seen that only one conic can be drawn 
touching fi?e lines. 



CHAPTER XII. 

THE OBLIQUE CYLINDER, THE OBLIQUE CONE, 

AND THE CONOIDS. 



230. Def. If a straight line, which is not perpendi- 
cular to the plane of a given drde, moye parallel to itself, 
and alwajs pass through the drcumferende of tiie circle, 
the surface generated is called an oblique cyUndw. 

The line through the centre of the drcular base, paralld 
to the generating lines, is the axis of the cylinder. 

It is evident that any section by a plane parallel to the 
axis consists of two parallel lines, and that any section by 
a plane parallel to the base is a circle. 

The plane through the axis perpendicular to the base 
is the principal section. 

The section of the cylinder by a plane perpendicular 
to the principal section, and inclined to the axis at the 
sam^ angle as the base, is called a subcontrary section. 

231. Prop. I. TJie subcontrary section qf an obliqtie 
cylinder is a circle. 

The plane of the paper being the prindpal plane and 
APB the circular base, a subcontraiy section is DPJS, the 
angles BAE, DEA being equal 

Let PQ be the line of intersection of the two cirdes j 

then PN . NQ or PN^^BN . NA. 



^^ -T« '*ta»wi -t.AiAf/- zj '«iiA: 
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But if DE be bisected in (7, and GKC be the curcolar 
section through C parallel to APB, 

AF : FD :: GG : CD, 

and FB : FE :: CG : CD; 




.'. AF. FB : DF. FE :: CO^ : CD^; 

hence, observing that CG= CK, 

PF^ : DF. FE :: CK^ : CDK 

But, if a series of parallel circular sections be drawn, 
PQ is always parallel to itself and bisected by DE ; 

Therefore the curve DPE is an ellipse, of which CD, 
CK are conjugate semi-diameters. 

233. Def. If a straight line X)a88 always through a 
fixed point and the circumference of a fixed circle, and if 
the fixed point be not in the straight line through the 
centre of the circle at right angles to its plane, the surface 
generated is called an oblique cone. 

The plane containing the vertex and the centre of the 
base, and also perpendicular to the base, is called the prin- 
cipal section. 

The section made by a plane not parallel to the base, 
but perpendicular to the principal section, and i\iQ.\x&fiii^\F^ 
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But NB=ND, and NA=NE; 




.\PN.NQ=DN.NE, 
and DPE is a circle. 

232. Phop. II. The section qfan oblique cylinder by 
a plam which is not parallel to the base or to a subcon- 
trary section is an ellipse. 

Let the plane of the section, DPE, meet any circular 
section in the line PQ, and let ^^be that diameter of the 




circular section which is perpendicular to PQ, and bisect 
PQ in the point F. 

Let the plane through the axis and the line AB cut the 
section DPE in the Ime DFE, 



Then 



PI^=AF.FB. 
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Bat if DE be bisected in C, and GKC be the circular 
section through C parallel to APB, 

AF : FD :: CQ : CD, 

and FB : FE :: W : CD\ 




/. ^JF'. .ra : DF. FE :: C76?a : C2>a; 

hence, observing that CO^CK, 

PF^ : DF. FE :: CK^ : C2>«. 

But, if a series of parallel circular sections be drawn, 
PQ is always parallel to itself and bisected by DE ; 

Therefore the curve DPE is an ellipse, of which CD, 
jCTiT are conjugate semi-diameters. 

233. Def. If a straight line pass always through a 
iBxed point and the circumference of a fixed circle, and if 
the fixed point be not in the straight line through the 
centre of the circle at right angles to its plane, the surface 
generated is called an oblique cone. 

The plane containing the vertex and the centre of the 
base, and also perpendicular to the base, is called the prin- 
cipal section. 

The section made by a plane not parallel to the base, 
but perpendicular to the principal section, and inclined ta 
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the generating lines in tliat section at the same angles as 
the base, is called a suboontrary section. 

234. Prop. III. 7%e stibcontrary section qf an ob- 
lique cone is a circle. 

The plane of the paper being the principal section, let 




APB be parallel to the base and DPE a subcontrary sec- 
tion, so that the angle 

ODE:= OAB, 

and OfiD=OBA. 

The angles DBA^ DEA being equal to each other, a 
circle can be drawn through BDAE, 

Hence, if PNQ be the line of intersection of the two 
planes, 

DN.NE=BN.NA, 

= PN.NQ; 

therefore DPE is a circle. 

And all sections by planes parallel to DPEvte circles. 

Planes paralld to the base, or to a subcontrary sec- 
tion^ are called also Cyclie Planes, 
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235. ' Pbop. rV. The wecHon qf a cone by a plane not 
paraUd to a cydie plane U an EUipse^ Parabola^ or Hy* 
perbola. 

(1) Let the section, DPE, meet all the generating 
lines on one side of the vertex. 




Let any circnlar section cut DPE in PQ, and take 
AB the diameter of the circle which is at right angles to, 
and bisects PQ, 

The plane OAB will cut the plane of the section in a 
line DNE. 

Draw OK" parallel to DE and meeting in E" the plane 
of the circolar section through D parallel to APE, and 
join Z>ir, meeting OE in F. 

Then AN : ND :: KD : OK, 

and BN : NE :: KF : 0K\ 

therefore AN . NB : DN. NE :: KD . KF : OK^, 

or PN^ : DN.NE :: KD.KF : OK^. 

But if a series of circular sections be drawn the lines 
PQ will always be parallel, and bisected by DE; 
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Therefore the curve DPE is an ellipse, having DE for 
a diameter, and the conjugate diameter parallel to PQ, 
and the squares on these diameters are in the ratio of 
KD.KFtoOK^. 

(2) Let the section be parallel to a tangent plane of 
the cone. 

If OB be the generating line along which the tangent 
plane touches the cone, and BT the tangent line at i? to a 




circular section through B, the line of intersection P^ 
will be parallel to BT^ and therefore perpendicular to the 
diameter BA through B. 

Let the plane BOA cut the plane of the section in DN. 

Then drawing DK parallel to AB^ 

BN^KD, 

and AN : ND :: KB : OJT; 

therefore AN . NB : ND . KD :: KD : OKy 

or Pm : ND . KD :: KD : OK, 

and KD^ OK being constant, the curve is a parabola 
haviDg the tangent at D parallel to PQ. 
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If the plane of the section meet both branches of the 




cone, make the same construction as before^ and we shall 
obtain, in the same manner us for the ellipse, 

PN^ : DN,NE :: DK . KF : OK^, 

OiTbeing parallel to DE. 

Therefore, since the point N is not between the points 
D and E, the curve DP is an hyperbola. 

Conoids, 

236. Dbp. If a conic revolve about one of its princi* 
pal axes, (he surface generated is called a conoid. 

If the conic be a circle, the conoid is a sphere. 

If the conic be an elUpse, the conoid is an oblate or a 
prolate spheroid according as the revolution takes place 
about the conjugate or the transverse axis. 

If it be an hyperbola the surface is an hyperboloid of 
one or two sheets, according as the revolution takes place 
about the conjugate or transverse axis, and the sur&ce 
generated by the asymptotes is called the asymptotic cone. 

If the conic consist of two intersecting straight lines, 
the limiting form of an hyperbola, the revolution wUL V^ 
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about one of the lines bisecting the angles between them, 
and the conoid will then be a right circular cone. 

237. Pbop. Y. a section of a paraboloid by a plane 
parallel to the axis is a parabola equal to the generating 
parabola, and any other section not perpendicular to the 
axis is an ellipse. 

Let PFNhe a section parallel to the axis, and take 




the plane of the paper perpendicular to the section and 
cutting it in VN. 

Take any circular section DPE, cutting the section 
P FN in PNP'. 

Then PiV is perpendicular to DEy 

and PN^=DN.NE 

=DC^''NC^ 
^^AS . AC-U.S . An 
^4JLS. VN; 

therefore the curve VP is a parabola equal to EAD. 

Again, let BPF be a section not parallel or perpendi- 
cular to the axis, but perpendicular to the plane of the 
paper; 
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Then, BN. NF=iS&. VN, OQ being the diameter 
bisecting BF ; 

therefore PJV : BN . NF :: AS : SS, 
and the carve BPN ia an ellipse. 

Moreover if the plane BF move parallel to itgelf, SO 
is noaltered, and the seetiom by parallel planet are titni- 
lar elliptei. 

In exactly the tame manner, it may he shewn that the 
oblique sections of spheroids are ellipses, and those of bf- 
perboloida either ellipses or hyperbolas. 

23a Peop. VI. ?^ Mctiont qf an ht/p«rboloid and 
itt atymptotie cone by a plane are timUar eurwt. 

Taking the case of an fayperboloid of tno sheets, let 
J>PF, dRf, be the 8eoti<»ie of the hyperboloid and cone. 




P'PN the line in which their plane is cut by a drcukr sec- 
tion OPKargP-k. 
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and P'N^^gN.Nk, 

P'N^ : dN, Nf :: gN . Nk : dN . Nf, 

;: LBAB : Dd.Df, 

if CE be the semidiameter paralld to DF\ 

and Pm : DN , NF :: GN , NK : 2>iNr. NF 

therefore the enrves DPF^ dPf have their axes in the 
same ratio, and are similar ellipses. 

In the same manner the theorem can be establishecl if 
the sections be hyperbolic, or if the hyperboloid be of one 
sheet. 

239. Pbop. VII. ]f an hyperholoid of one sheet he 
cut by a tangent plane of the asymptotic cane, the section 
will consist of two parallel straight lines. 

Let AQ, A'Q! be a section through the axis, CN the 
generating line, in the plane AQ, along which the tangent 
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plane touches the cone ; and PNP' the section with this 
tangent plane of a circular section QPQ, 

Then PN^^QN . NQ' 

= -4C^Art.(102); 

therefore if BCB he the diameter, perpendicular to the 
plane CT^Q, of the principal circular section, 

PN^BC and P'N=BV; 
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therefore PB and P'B' are each parallel to CN\ that is, 
the section consists of two parallel straight lines. 

240. Prop. VIII. The section Q/f an hyperholoid of 
one sheet by a plane parallel to its cucis, and touching th£ 
central circular section, consists qftwo straight lines. 

Let the plane pass through A^ and be perpendicular to 
the radius CA of the central section ; fig. Art (239). 

The plane will cut the circular section QPQ! in a line 
RLR\ and 

RI?=QL . LQ'=QM^'-AC^, 

if M be the middle point of QQ". 

But QM^-AC" : CM^ :; AC^ : B(P; 

therefore RL : AL :: AC : BC; 

hence it follows that AR is a fixed line ; and similarly AR^ 
is also a fixed line. 

It will be seen that these lines are parallel to the sec- 
tion of the cone by the plane through the axis perpendicu- 
lar to CA. 

241. Prop. IX. If a conoid be ct^t by a plane, and 
if spheres be inscribed in the conoid touching the plane, 
the points of contact cf the spheres with the plane will 
be the foci of the section, and the lines of intersection 
of the planes cf contact with the plane of section will be 
the directrices. 

In order to establish this statement^ we shall first 
demonstrate the following theorem ; 

If a circle tovjch a conic in two points, the tangent 
frma any point of the conic to the circle bears a constant 
ratio to its distance from the chord of contact. 

Take the case of an ellipse, the chord of contact being 
perpendicular to the transverse axis. 

If EME' be this chord, the normid EG is the radius oC 
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the circle, and if PT be a tangent from a point P of the 
ellipse, 

^PN^+NG^-EM^-MGP. 




But EM^-PN^ : CN^^CM^ :: BC^ : AC*, 
and CN^-CM^^MNiCM+CN). 

Let the normal at P meet the axis iaG^; 
then i^6?' : CN :: ^C^ : AC% 

and -a/6? : CJlf :: BC^ : AC*; 

therefore NG'^MG : CN-^CM :: -SC* : AC\ 

Hence BM*-PN^=MN(NG''^MG). 

Also NG^-MG^=MN{NG + MG); 
therefore PT^=MN{NG + MG)-MN{NG'-^MG) 

=MN.GG\ 

But C(? : (73f :: aS'C^ : -4C", 
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and CG' : CN :: SC^ : AC*; 

therefore GG' : MN :: SC^ : AC\ 
Hence PT^ : PZ» :: SG^ : -4C7% 
PZ being equal to MN. 

This being established let the figure revolve round the 
axis ACy and let a plane section ap of the conoid^ per- 
pendicular to the plane of the paper, touch the sphere at S 
and cut the plane of contact EE^ in Ik. 

From a point p of the* section let fall the perpendi- 
cular pm on the plane EE', draw mk perpendicular to Ik, 
and join pk. 

Then pm \ pkS&K constant ratio. 

Also taking the meridian section through p, pS is 
equal to the tangent from p to the circular section of the 
sphere, and is therefore in a constant ratio to pm ; 

Hence aS^ is to pA; in a constant ratio, 

and therefore S is the focus and kl the directrix of the 
section ap. 

242. If the curve be a parabola focus S', the proof is a» 
follows : 

PT^^PG^-EG^ 

^PN^+NG^-EM^-MG^ 
=MN(NG'^MG)'-4AS' . MN 
=MN{NG'\'MG)-2MG . MN 
=MN\ 

It will be found that the theorem is also true for an 
hyperboloid of two sheets, and for an hyperboloid of one 
sheet, but that in the latter case the constant ratio of PT 
toPIiiA not that of JSC to AC. 

243. The geometrical enunciation of the theorem also 
requires modification in several cases. To illustrate the 
difficulty, take the paraboloid, and observe that if the 



246 The Oblique Cylinder, the Ohlique Cone, <kc. 

normal at E cuts the axis in G, and if be the centre of 
curvature at -4, 

and the radius of the circle is never less than AO, 

This shews that a circle the radius of which is less than 
AO cannot be drawn so as to touch the conic in two points. 

We may mention one exceptional case in which the 
theorem takes a simple form. 

In general . 

£G^=EM^-hMG^=iASr {AM-hAST) 
=4AS\S'Q. 

Taking the point ^ between S^ and 0, describe a circle 
centre g and such that the square on its radius =4AS' , S'g, 

Also take a point F in the axis produced such that 

AF=Og; 

it will then be found that the tangent from P to the circle 
will be equal to NF, 

When g coincides with S^, the circle becomes a point, 

and AF=AS'; 

we thus fall back on the fundamental definition of a para- 
bola. 

It will be found that if the plane section of the conoid 
pass through /S^, the point /^ is a focus of the section. 
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244. It being given that PN* is to AN . NA^ in a 
constant ratio^ and that N lies between A and A\ we can 
deduce as follows the existence of a focus and directrix 
for the ellipse which is the locus qfP, 

Bisect AA' in C, and draw CB perpendicular to AA', 
and of such a length that BC^ is to ^(7^ in the given 
ratia 

With centre B and radius AG describe a circle cutting 
AA' inS and aS^, and produce CA to X, so that 

CX : CA :: CA : CS, 

then CS. SX=CS. CX-SC*=AC^-SG^=CB'. 

Let PA, A'P meet in E and \P the line through X 
perpendicular to AA' ; fig. Art. (55), 

then EX.FX xAX. AX :; PiV» : AN. NA' 

BC^ : AC\ 
CX^-CA^ : CA^ 
CA^-CS^ : CS^ 
cm : CS* 
SX* : CB*; 

therefore EX . FX=SX*, 

and ESF is a right angle. 

Let the perpendicular PJTon FX meet FS in L and 
ES in I, fig. Art. (63) ; 



or 



EX.FX : BC^ 
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then PL : FK :: SA' : A'X, 

:: SA : AX, 

:: PI : PK; 
therefore PL = Pl^SP, 

iince LiSt is a right BDgle, 
and SP : PX :: 8A : AX. 

245. // a circle roll on the in*ide of the drcum/er- 
mee (tfa circle qf double iit radiag, any point in the area 
iifthe rolling circle tracei out an ellipie. 

Let (7 be the centre oT the rolling circle, E the point of 
contact. 




Then, if the circle meet in Q a fixed radius OA of the 
fixed circle, the angle ECQ is twice the angle £0A and 
therefore the arcs EQ, EA are equal. 

Hence, when the circles touch at J, the point ^ of Uw 
rolling circle coincides with A, and the subsequent path of 
Q is the diiuueter through A. 

Let P be a given point in the given radius CQ, and 
RPN perpendicular to OA ; 
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Also PN : RN :: PQ : OR) 

therefore, the locus of R being a circle, the locus of P is 
an ellipse, whose axes are as PQ : OR. 

But OR is clearly the length of one semi-axis, and PQ 
or OR' is therefore the length of the other, OR, OR being 
equal to 0(7+ CP and OC- CP. 

246. Properties of the ellipse are deducible from this 
construction. ' 

Thus, as the circle rolls, the point E is instantaneously 
at rest, and the motion of P is therefore at right angles to 
EPy i,e. producing EP to -F, in the direction FO. 

Therefore, drawing PT parallel to OF, PT is the tan- 
genty and PF the normal. 

A circle can be drawn through EPQT since EPT, 
EQTore right angles ; but the circle through QPE clearly 
passes through R; therefore the angle ORT is a right 
angle, and 

OJf : OR :: OR : OT, 

or ON,OT=ORy 

a known property of the tangent 

Again if PF meet OQ in 6?, the angles PQG, PFQ 
are equal, being on equal bases EQ, 0Q'\ 

therefore PG : PQ :: PQ : PF, 

or PG , PF=Pq^^OR'^, 

a known property of the normal 

247. A given straight line Jms its ends moveable on 
tijoo straight lines at right angles to each other; the path 
of any given point in the moving line is an ellipse. 

Let P be the point in the moving line AB, and C the 
middle point ofAB, 

Let the ordinate NP, produced if necessary, meet OC 
in Q; then CQ = GP and OQ is equal to AP, so that the 
locus of Q is a circle. 
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PN : QN :: PB : OQ 
:: PB : PA; 




therefore the locus of P is an ellipse, and its semi-axes are 
equal to AP and BP. 

248. From this construction also properties of the 
tangent and normal are deducibl& 

Complete the rectangle OAEB; then, since the direc- 
tions of motion of A and B are respectively perpendicular 
to EA and EB, the state of motion of the line AB may be 
represented by supposing that the triangle BAB is turn- 
ing round the point E. 

Hence it follows that EP is the normal to the locus of 
P and that PT perpendicular to EP is the tangent 

Let OF parallel to P 7* meet EP in F; then since a 
circle can be drawn through OFBE, 

the angle PFB = EOB = PBG, 

and the triangles PGB, PFB are similar. 

Hence PG : PB :: PB : PP, 
or PG^.PF^PB', 
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where PB is equal to the Remi-conjagate axis ; and, simi- 
larly, by joining AF, it can be shewn that Pg . PF=AP^f 
g being the point of intersection of PG and A 0, 

Again, a circle can be drawn round EQPB, and, since 
EPT^ EBTsLTQ right angles, 7* is on this circle, and there- 
fore TQE is a right angle. 

Hence OQN, and OQT a,re similar triangles, and 

ON: OQ :: OQ : OT, 
or ON.OT=AP', 

where ^P is equal to the semi-transyerse axis. 

249. Observing that the circle circumscribing the rect- 
angle passes through Fy we have 

PF.PE=AP.PB; 
hence PE is equal to the semi-diameter conjugate to OP, 

This suggests another construction for the problem 
solved in Art. (216). 

Thus, if OPy OD be the given semi-conjugate diameters, 
draw PF perpendicular to 0/>, and in FP produced, take 
PE equal to OD, 

Join OE^ bisect it in C, and take CQ equal to CP; 

then OA, OB drawn parallel and perpendicular to PQ, 
and meeting CP in A and B, will be the directions of the 
axes, and their lengths will be equal to AP and PB, 



MISCELLANEOUS PROBLEMS. 

1. If PSF, QS<i, be focal chords of a conic, 

SP . SP' : SQ, . SQ; :: PF -, QQ;. 

2. If two straight lines drawn throagh any point intersect a 
conic, the ratio of the rectangles of the segments is the same aa 
the ratio of the parallel focal chords. 

3. Given two fixed points of & conicand the directrix^ find 
the locus of the focus. 

4. A line cuts two concentric, similar and similarly^tu- 
ated ellipses in P, Q, q, p. If the line move parallel to ifeael^ 
PQ, . Qp is constant. 

5. If the ordinate NP of a conic be produced so that 
NQ=SP, find the locus of Q, 

6. If a circle be described passing through any point P o€ 
a given hyperbola, and the extremities of the transverse axis, 
and the ordinate NP be produced to meet the' circle in Q, the 
locus of Q is an hyperbola. ' 

7. PQ is one of a series of chords incHned at a constant 
angle to the diameter ^^ of a circle; find the locus of the inter- 
section of APy £Q, 

8. If from a point T in the director circle of an ellipse, 
tangents TP, TP' be drawn, the line joining T with the inter- 
section of the normals at P and P* passes through the ceutre. 

9. The points, in which the tangents at the extremities of tlie 
transverse axis of an ellipse are cut by the tangent at any point 
of the curve, are joined, one with each focus ; prove that the point 
of intersection of the joining lines lies in the normal at the point. 

10. Having given a focus, the eccentricity, a point of the 
curve, and the tangent at the point, shew that in general two 
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eonios can be dencribed. If the ecceotricity be lets tban unity, 
shew that there are two poeitions of the tangent for which only one 
conic can be described, and if the eccentricity be equal to unity, 
describe the form assumed by one of the parabolas. 

11. A parabola is described with its focus at one foous of a 
given central conic, and touches the conic; prove that its directrix 
will touch a fixed circle. 

12. The extremities of the latera recta of aU conies which 
have a common transverse axis lie on two parabolas. 

18. OPt OQ, touch a parabola at the points P, Q; another 
line touches the parabola in R^ and meets OP, OQ m 8, T i \i V 
be the intersection of the lines PT, SQ, 0,11, F are in ft straight 
line. 

14. On all parallel chords of a circle a series of isosceles tri- 
angles are described, having the same vertical angle, and having 
their planes perpendicular to the plane of the cipole. Find the 
locus of their vertices ; and find what the vertical angle mutt be 
in order that the locus may be a circle. 

15. A series of similar ellipses whose major axes are in the 
same straight line pass through two given points. Prove that 
the major axes subtend right angles at four fixed points. 

16. AK, BL are two parallel straight lines, AB perpendi- 
cular to both of them ; take any point Q in BL, join AQ; in AQ, 
produced if necessary, take a point P, such that if PN be 
drawn perpendicular to A£, PN is equal to BQ : shew that the 
locus of P is a parabola. 

17. A circle always passes through a fixed point, and cuts * 
given straight line at a constant angle, prove that the locus of 
its centre is an hyperbola. 

18. The area of the triangle formed by three tangents to a 
parabola is equal to one half that of the triangle formed by joining 
the points of contact. 

19. If a parabola touch the sides of a triangle its dlrectiijc 
passes through the orthocentre. 

20. S and H being the foci, P a point in the ellipse, if ffP 
be bisected in L, and ALhe drawn from the vertex cutting 8P 
in Q, the locus of Q is an ellipse whose focus is 8, 
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21. If the diagonals of a qaadrUateral circamscribiDg an 
ellipse meet in the centre the quadrilateral is a parallelogram. 

22. A series of ellipses pass through the same point, and 
have a common focns, and their major axes of the 8ame length ; 
prove that the locus ol their centres is a circle. 

What are the limits of the eccentricities of the ellipses, and 
what does the ellipse become at the higher limit? 

23. If PSp be a focal chord of a conic, Q any point of the 
conic, and if PQ, pQ meet the directrix in D and £, DSE is a 
right angle. 

24. Tangents are drawn to an ellipse from a point on a 
similar and similarly situated concentric ellipse; shew that if 
Pf Q, be the points of contact, A, A' the ends of the axis of the 
first ellipse, the loci of the intersections of AP, A'Q, and ot AQ, 
A'P are two ellipses similar to the given ellipses. 

25. Draw a parabola which shall touch four given straight 
lines. 

Under what condition is it possible to describe a parabola 
touching five given straight lines ? 

26. The locus of the intersections of the focal distances of 
any point on an ellipse with the central perpendicular npon the 
tangent at the same point consists of two circles. 

27. Given two points, a focus, and the eccentricity; de- 
scribe the conic. 

28. PSp is a focal chord of a parabola, RB is the directrix 
meeting the axis in />, Q, is any point in the curve ; prove that if 
QP, Qp produced meet the directrix in R^ r, half the latus rec- 
tum will be a mean proportional between DRj Dr, 

29. PQ is any chord of a parabola, cutting the axis in L^ 
jR, R' are the two points in the parabola at which this chord 
subtends a right angle : if RR! be joined, meeting the axis in L\ 
LL' will be equal to the latus rectum. 

80. If the internal and external bisectors of the angle be- 
tween two tangents to a central conic meet the transverse axis 
in G and T, shew that CG . CT is constant. 

81. If iV be the foot of the perpendicular let fall upon a focal 
chord PSP* from the point of intersection of the normals at its 
extremities, prove that PN=SP\ 
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82. Tangents to an ellipse are drawn from any point in a 
circle through the foci, prove that the lines bisecting the angle 
between the tangents aU pass through a fixed point. 

83* With the orthocentre of a triangle as centre are described 
two ellipses, one circumscribing the triangle and the other touch- 
ing its sides ; prove that these ellipses are similar, and their homo- 
logous axes at right angles. 

84. An ellipse and a parabola, whose axes are parallel, have 
the same curvature at a point P and cut one another in Q; if the 
tangent at P meets the axis of the parabola in jT, prove PQ is equal 
to four times PT, 

85. A BCD is a quadrilateral, the angles at A and C being 
equal ; a conic is described about A BCD bo as to touch the cir- 
cumscribing circle of ABO at the point B; shew that BB is a 
diameter of the conic. 

36. The volume of a cone cut off by a plane bears a con- 
stant ratio to the cube, the edge of which is equal to the minor 
axis of the section. 

87. A tangent to an ellipse at P meets the minor axis in tf 
and tQ is perpendicular to SP; prove that SQ is of constant 
length, and that if PM be the perpendicular on the minor axis, 
QM will meet the major axis in a fixed point. 

38. Desciibe an ellipse with a given focus touching three 
given straight lines, no two of which are parallel and on the 
same side of the focus. 

89. Prove that the conic which touches the sides of a tri- 
angle, and has its centre at the centre of the nine-point circle, 
has one focus at the orthocentre, and the other at the centre of 
the circumscribing circle. 

40. From Q the middle point of a chord PP' of an ellipse 
whose focus is Sj QO is drawn perpendicular to PP' to meet the 
major axis in 0; prove that 2.SG i^SP+SP' :: SA : AX. 

41. An ellipse and parabola have the same focus and direc- 
trix ; tangents are drawn to the ellipse at the extremities of the 
major axis : shew that the diagonals of the quadrilateral formed 
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by the fnnr points where these tangents cnt the parabola inter- 
sect in the common focus, and pass through the extremities of 
the minor axis of the ellipse. 

42. A straight rod moves in any manner in a plane ; prove 
that, at any instant, the directions of motion of all its particles 
are tangents to a parabola. 

43. If from a point T on the anxiliary circle, two tangents 
be drawn to an ellipse tonching it in P and Q, and when pro- 
dnced meeting the circle again in p, q; shew that the angles 
PSp and QSq are together equal to the sapplement of PTQ. 

44. Tangents at the extremities of a pair of conjugate dia- 
meters of an ellipse meet in T; prove that ST, S'T meet the 
conjugate diameters in four points which lie on a circle. 

45. From the point of intersection of an asymptote and a 
directrix of an hyperbola a tangent is drawn to the curve, prove 
that the line joining the point of contact with the focus is puailel 
to the asymptote. 

46. If a string longer than the circumference of an ellipse be 
always drawn tight by a pencil, the stndght portions being tan- 
gents to the ellipse, the pencil will trace out a confocal ellipse. 

47. /> is any point in a rectangular hyperbola from which 
chords are drawn at right angles to each other to meet the curve. 
If P, Q be the middle points of these chords, prove that the circle 
circumscribing the triangle PQD passes through the centre of the 
hyperbola. 

48. At any point of a conic the chord of curvature through 
the centre is to the focal chord parallel to the tangent as the major 
axis is to the diameter through the point. 

49. From a point T in the auxiliary circle tangents are 
drawn to an ellipse, touching it in P and Q, and meeting the 
auxiliary circle again in p and q ; shew that the angle pCq is 
equal to the sum of the angles PSQ and PS'Q. 

50. The angle between the focal distance and tangent at 
ftny point of an ellipse is half the angle subtended at the focus by 
the diameter through the point* 
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51. Tangents to an ellipse, fooi 8 and J7, at the ends of a 
focal chord PHP* meet the further directrix in Q, Q\ The para- 
bola, whose focus is S, and directrix PP', touches PQ, P'Q', in 
Of Q't it also touches the normals at P, P\ and the minor axis, 
and has for the tangent at its vertex the diameter parallel to 
PP', 

62. i9 is a fixed point, and E a point moving on the arc of a 
given circle ; prove that the envelope of the straight line through 
E at right angles to SE is a conic. 

68. A circle passing through a fixed point 8 cuts a fixed 
eirde in P, and has its centre at ; the lines which bisect the 
angle SOP all touch a conic of which i9 is a focus. 

54. If a chord RPQV meet the directrices of an ellipse in 
R and F, and the circumference in P and Q, then HP and Q V 
subtend, each at the focus nearer to it, angles of which the sum 
is equal to the angle between the tangents at P and Q, 

55. The tangent to an ellipse at P meets the directrix, cor- 
responding to S, in Z: through Z a straight line ZQR is drawn 
cutting the ellipse in Q, R; and the tangents at Q, i2 intersect 
(on SP) in T, Shew that a conic can be described with focus S, 
and directrix PZ, to pass through Q, R and T; and that TZ 
will be the tangent at T, 

56. A sphere is described about the vertex of a right cone 
as centre ; the latera recta of all sections made by tangent planes 
to the sphere are equal. 

57. TP, TQ are tangents to an ellipse at P and Q; one 
circle touches TP at P and meets TQ in Q and Q\ another 
touches TQ at Q and meets TP in P and P'; prove that PQf and 
QP' are divided in the same ratio by the eliipeet. 

58. Two tangents are drawn to the same branch ol a rectan- 
gular hyperbola from au external point ; prove that the angles 
which these tangents subtend at the centre are respectively equal 
to the angles which they make with the chord of contact. 

f>9. If the normal at a point P of an hyperbola meet the minor 
axis in g, Pg will be to 5;^ in a constant ratio. 

B. 0. 8. VI 
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60. A parabola, focus S^ touches tbe three sides of a triangle 
A BCj bisecting the base BC iu D ; prove that AS is a fourth pro- 
portional to AI), AB, tkudAC, 

61. An ordinate NP of an ellipse is produced to meet the 
auxiliary circle in Q, and normals to the ellipse and circle at 
P and Q meet in JR ; IlK, RL are drawn perpendicular to the axes ; 
prove that KPL is a straight line, and also that KP^BG and 
LP=AC. 

62. If the tangent at any point P cut the axes of a conic, 
produced if necessary, in T and T^ and if C7 be the centre of the 
curve, prove that the area of the triangle TCT* varies inversely 
as the area of the triangle PCN, where PN is the ordinate of P, 

63. The circle of curvature of an ellipse at P passes through 
the focus 5, SM is drawn parallel to the tangent at P to meet 
the diameter of the ellipse in M; shew that it divides thia dink- 
meter in the ratio (^3:1. 

64. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is Ox 
join (7T, let TPCP'T a similar and similarly situated ellipse be 
drawn, of which CT is a diameter, and P, P' its points of inter- 
section with the given ellipse; TP, TP* will be tangents to the 
given ellipse. 

65. An ellipse and confocal hyperbola intersect in P : prove 
that an asymptote of the hyperbola passes through the point on 
the auxiliary circle of the ellipse corresponding to P. 

66. Through a fixed point a pair of chords of a circle are 
drawn at right angles: prove that each side of the quadrilateral 
formed by joining their extremities envelopes a conic of wluch 
the fixed point and the centre of the circle are focL 

67. A conic section is circumscribed by a quadrilateral 
A BCD : A is joined to the points of contact of CB^ CD ; and C 
to the points of contact of AB, AD: prove that BD is a diago- 
nal of the interior quadrilateral thus formed. 

68. Any conic passing through the four points of intersec- 
tion of two rectangular hyperbolas will be itself a reotangnlar 
hyperbola. 
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69. A focal cbord PSQ is drawn to a conio of which C is 
the centre ; the tangents and normals at P and Q intersect in T 
and K respectively; shew that ST, SP, SK, SC form an harmo- 
nic pencil. 

70. POP' is any diameter of an ellipse. The tangents at any 
two points D and £ intersect in F, PE^ P'D intersect in G, 
Shew that FO is parallel to the diameter conjugate to PCP', 

71. If the common tangent of an ellipse and its circle of cur- 
vature at P be bisected by their common chord, prove that 

CD^=AC. BC, 

72. A parabola and hyperbola have the same focus and direc- 
trix, and SPQ, is a line drawn through the focus S to meet the 
parabola in P, and the nearer branch ufthe hyperbola in Q; prove 
that PQ varies as the rectangle contained by SP and SQ^ 

73. R is the middle point of a chord PQ of a rectangular 
hyperbola whose centre is C. Through R, FQf, RP' are drawn 
parallel to the tangents at P and Q, respectively, meeting CQ, 
GP in Q!f P", Prove that a circle can be described labout C, P', 
S.Q'. 

74. The tangents at two points Q, Q' of a parabola meet 
the tangent at P in R, R' respectively, and the diameter through 
their point of intersection ^ meets it in JT; prove ^i^\,PR—KR\ 
and that, if QAf, Q'if', T^ be the ordinates of Q, Q', T re- 
spectively to the diameter through P, PN is a mean proportional 
between PM and PW, 

75. Common tangents are drawn to two parabolas, which 
have a common directrix, and intersect in P, Q: prove that the 
chords joining the points of contact in each parabola are parallel 
to PQ, and the part of each tangcjiit between its points of con- 
tact with the two curves is bisectea by PQ, produced. 

76. An ellipse has its centre on a given hyperbola and 
touches the asymptotes. The area of the ellipse being always a 
maximum, prc^e that its chord of contact with the asymptotes 
always touches a similar hypertiola. 

77. A circle and parabola have the same vertex A and a 
common axis. BA'C is the double ordinate of the parabola 
which touches the circle at A', the other extremity of the dia- 
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meter which passes through A ; PP any other ordinate of the 
parabola parallel to this, meeting the axis in N and the chord 
AB produced in Jl: shew that the rectangle between HP and 
JtP' is proportional to the square on the tangent drawn finoin N 
to the circle. 

78. If two confocal conies intersect, prove that the centre 
of curvature of either curve at a point of intersection is the pole 
of the tangent at that point with regard to the other curve. 

79. Tangents are drawn at two points P, P' on an ellipse. 
If any tangent be drawn meeting those at P, P' in R, Itf, shew 
that the line bisecting the angle JiSJi' intersects BBf on a fixed 
tangent to the ellipse. Find the point of contact of this tangent. 

80. Having given a focus and two tangents to a conic, 
shew that the chord of contact passes through a fixed point. 

81. Having given a pair of conjugate diameters of an ellipse, 
PCP\ DCJy, let PF be the perpendicular from P on CD, in PF 
take PE equal to CD, bisect CE in 0, and on CE as diameter 
desciibe a circle ; prove that PO will meet the circle in two 
points Q and It such that CQ, CR are the directions of the semi- 
axes, and PQ, PR their lengths. 

82. If from any point A a straight line AEK be drawn 
parallel to an asymptote of an hyperbola, and meeting the polar 
of ^ in JT and the curve in E, shew that AE=EK. 

88. The foci of all ellipses which have a common maximum 
circle of curvature at a fixed point lie on a circle. 

84. A straight line is drawn through the angular point A 
of a triangle ABC to meet the opposite side in a; two points 
0, 0' are taken on Aa^ and CO, CO* meet ^^ in c and c^, and 
BO, BO' meet CA in h, h' ; shew that a conic passing through 
ahh'cc' will be touched by BC 

85. A given triangle ACB moves in its own plane so that 
the extremities A, B of its base AB move on two fixed straight 
lines at right angles to each other ; prove that tl^ locus of the 
vertex C is un ellipse. 

86. Lines from the centre to the points of contact of two 
parallel tangeots to a rectangular hyperbola and concentric circle 
make equal angles with either axis of the hyperbola. 
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87. A line moves between two lines at right angles so as to 
subtend a right angle and a half at a fixed point on the bisector 
of the right angle : prove that it touches a rectangular hyperbola. 

88. Two cones, whose vertical angles are supplementary, 
are placed with their vertices coiiicident and their axes at right 
angles, and are cut by a plane perpendicular to a common gene- 
rating line ; prove that the directrices of the section of one cone 
pass through the foci of the section of the other. 

89. The normal at a point P of an ellipse meets the curve 
again in P', and through 0, the centre of curvature at P, the 
chord 0,00,' is drawn at right angles to PP' ; prove that 

00.00! I PO. OP' :: 2.P0 \ PF. 

90. From an external point T, tangents are drawn to an 
ellipse, the point of contact being on the same side of the major 
axis. If the focal distances of these points intersect in M and 
iV, TM, TN are tangents to a oonfocal hyperbola, which passes 
through M and N. 

91. A point moves in a plane so that the sum or difference 
of its distances from two fixed points, one in the given plane and 
the other external to it, is constant. It will describe a conic, 
the section of a right cone whose vertex is the given external 
point. 

92. If a triangle is self -conjugate with respect to each of a 
series of parabolas, the lines joining the middle points of its sides 
will be tangents: all the directrices will pass through 0, the 
centre of the circumscribing circle : and the focal chords, which 
are the polars of 0, will envelope an ellipse inscribed in the 
given triangle which has the nine-point circle for its auxiliary 
circle. 

93. If PP' be a double ordinate of an ellipse, and if the 
normal at P meet CP" in 0, prove that the locus of is a similar 
ellipse, and that its axis is to the axis of the given ellipse in the 
ratio 

AC*-BC* : AC^+BC\ 

94. If SY, HZ be focal perpendiculars on the tangent at 
P of an ellipse, and SY'y HZ' perpendiculars on the tangents 
from P to a confocal ellipse, prove that the rectangle contained by 
YY'i ZZ'i is equal to the difference of the squares on the semi- 
axes. 
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95. Two points describe the circiiinfereiioe of an eUipse, 
with yelocities which are to one another in the ratio of the 
squares on the diameters parallel to their respective directions of 
motion. Prove that the locus of the point of intersection of 
their directions of motion will be an ellipse, confocal with the 
given one. 

96. By help of the geometry of the cone, or otherwise, 
prove that the sum of the tang^its from any point of an ellipse 
to the circles of curvature at the vertices is constant. 

97. Three chords of a circle are drawn through a point on 
the circumference; with this point as focus and the chords as 
axes three parabolas are described whose parameters are inversely 
proportional to the chords. Prove that the common tangents to 
the parabolas, taken two and two, meet in a point. 

98. A parabola touches the three lines BCf CA, AB in. 
P, Q, Rf and through R a line parallel to the axis meets RQ in 
E\ shew that ABEQ is a parallelognun. 

99. If a conic be inscribed in a quadrilateral, shew that the 
locus of its centre is a straight line. 

Shew also that this line passes through the middle points of 
the diagonals. 

100. If two circles be inscribed in a conic, and tangents be 
drawn to the circles from any point in the conic, the sum or 
difference of these tangents is constant, according as the point 
does or does not lie between the two chords of contact. 
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late Fellow of Trinity College, Cambridge. New edition, 6s, 

Memorabilia. Edited by Percival Frost, M. A., late 



Fellow of St. John's College, Cambridge. 4s, 6d, 

Uniform with the Series. 

THE NEW TESTAMENT, in Greek. With English 

Notes and Preface, Synopsis, and Chronological Tables. By 
J. F. Macmicliael, B.A. Fcap. 8vo. (7^0 ^^.V *\s»^* 
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CambriDge ^reeft ano Hattn Cem* 

AESCHYLUS. Ex novissima recensione F. A. Paley, 
A. M. 3J. 

CiESAR DE BELLO GALLICO. Recognovit G. Long, 

A. M. 2s, 

CICERO de Senectute et de Amicitia, et Epistolae 

Selectae. Recensuit G. Long, A. M. is, 6d, 

CICERONIS Orationes, Vol. I. (in Verrem). Ex recen- 

sione G. Long, A. M. 3^. 6d. 

EURIPIDES. Ex recensione F. A. Paley, AM. 3 vols. 

3J. 6d. each. 

Contents of Vol. I.— Rhesus. Medea. Hippolylus. 
Alcestis. Heraclidae. Supplices. Troades. Index. 

Contents of Vol, II. — Ion. Helena. Andromache. 
Electra. Bacchae. Hecuba. Index. 

Contents of Vol. III. — Hercules Furens. Phoenissae. 
Orestes. Iphigenia in Tauris. Iphigenia in Aulide. Cyclops. 
Index. 

HERODOTUS. Recensuit J. G. Blakesley, S. T. B 
2 vols. 7j. 

HOMERI ILIAS I. — XII. Ex novissima recensione 

F. A. Paley, A. M. 2s. 6d, 

HORATIUS. Exrecensione A.J. Macleane, A.M. 2s,6{i. 

JUVENAL ET PERSIUS. Ex recensione A. J. Mac- 
leane, A. M. IX. 6d, 

LUCRETIUS. Recognovit H. A. J. Munro, A.M. 2x. 6^. 
SALLUSTI CRISPI CATILINA ET JUGURTHA, 

Recognovit G. Long, A. M. is, 6d, 

TERENTI COMOEDIAE. Gul. Wagner relegit et 

emendavit. 3i'. 

THUCYDIDES. Recensuit J. G. Donaldson, S. T. P. 
2 vols. 7^". 

VERGILIUS. ExrecensioneJ. Conington, A.M. ^s,6d, 

XENOPHONTIS EXPEDITIO CYRI. Recensuit J. 
-F. Macmichael, A. B. 2s, 6</. 
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NOVUM TESTAMENTUM GRAECUM, Textus Ste- 

phanici, 155^* Accedunt variae lectiones editionum Bezae, 
Elzeviri, Lachmanni, Tischendorfii, Trecellesii, curante F. H. 
Scrivener, A.M. JVina edition, 4^. od. An Edition with 
wide margin for notes, 7j. 6d, 

EURIPIDES. Alcestis. School edition, with Notes 

and Introduction. By F. A. Paley, M.A., abridged from the 
larger edition, Fcap, 8vo. 

AESCHYLUS. Prometheus Vinctus. School edition, 

with Notes and Introduction, liy F. A. Paley, M, A., abridged 
from the larger edition. Fcap, 8vo. [Prepartng. 



Ipudltc $c|)00{ %ziits. 

A Series of Classical Texts, annotated by well-known scholars, 
^^'ith a special view to the requirements of upper forms in Public 
Schools, or of University Students. 

CICERO. The Letters of Cicero to Atticus, Bk. I. 
With Notes, and an Essay on the Character of the Writer. 
Edited by A. Pretor, M. A., late of Trinity College, Fellow 
of St. Catharine's College, Cambridge. Crown 8vo. 4?. 6d, 

DEMOSTHENES de Falsa Legatione. Fourth edition, 

carefully revised. By R. Shilleto, M.A., Fellow of St. Peter's 
College, Cambridge. Crown Svo. 6j. 

The Oration Against the Law of Leptines. With 

English Notes and a Translation of Wolf's Prolegomena. By 
W. B. Beatson, M. A., Fellow of Pembroke College. Small 
Svo. 6j. 

PLATO. The Apology of Socrates and Crito, with Notes. 

critical and exegetical, by Wilhelm Wagner, Ph. D. Small 
Svo. 4r. dd, 

The Phaedo. With Notes, critical and exegetical, 

and an Analysis, by Wilhelm Wagner, Ph. D. Small Svo. 
5j. dd, 

The Protagoras. The Greek Text revised, with 

an Analysis and English Notes, By W. Wayte, M. A., Fellow 
of King's College, Cambridge, and Assistant Master at Eton. 
Svo. Second edition, 4r. (yd, 

PLAUTUS. Trinummus. With Notes, critical and exe- 
getical. By Wilhelm Wagner, Ph. D. Small Svo. es?*^d. 
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SOPHOCLIS TRACHIXUE. Tilth Notes and Pro- 

ley j iena. By Alfred Prctoc, Ji. A., FdLov of Sc CaCherine's 

TEREXCE- ^rith Xotes, critical and cxpfanatofy. By 

WUhdm Wagner, Ph. D. VoA Stol iQf. 6ii: 

THEOCRITUS With Short Criticai and Fiphnaffify 

Latin Noto. By F. A- Paler, >L A. Seami e&im, cor- 
rectcd and enlarged, and contammg tbe newly disoomaed Idjfl. 
Cnnm Sro. 4«. 6/. 

Otkfrs im priparaHffK. 



Critical ann annotaten CDitioitf . 

AETNA. Revised, emended and explained by H. 
A. T. MnnrOy M.A., Fdlow of Trinity College^ Oun- 

ARISTOPHANIS Comoediae quae supersimt com perdi- 

tanim ira^;mentis tertiis cons lecognorit additis admitati 
Munmariis descnptione metrica onomasdco lexico Hnbertns 
A. Hoklen, LL. D. [Head-Master of Ipswich School; Classical 
Examiner, Unirersity of London.] 8vo. 

Vol. I. containing the Text expoigated with Sonunaries and 
critical notes, i$t. 

Tlie Plays sold separately ; Achamenses, 2s. Eqoites, u. 6d, 
Nubex, I/. M. Vespae, 2s, Pax, i/. 6^ Aves, 2J. Lyds- 
trata, et Thesmophoriazusae, y. Ranae, 2/. Ecclesiaznsae et 
Plutns, $t. 

VoL 11. Onomasticon Aristophaneum continen^^ indicem 
geographicnm et historictim. $1. 6d. 

Pax, with an Introduction and English Notes. By 

F. A. Paley, M. A. Fcap. 8vo. 4s. M, 

EURIPIDES. Fabulae Quatuor. Scilicet, Hippolytus 

Coronifcr^ Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. 
Ad fidem Manuscriptonun ac veterum Editionum emendavit et 
Annotationibus instruxit J. H. Monk, S.T.P. Editio nova, 
8vo. Crown 8vo. 12s. 
Separately — Hippolytus Cloth, 5^. Alcestis. Sewed, 4r. 6r/. 

HORACE. . Quinti Horatii Flacci Opera. The text re- 
vised, with an Introduction, by H. A. J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of "Lucretius." 
Illustrated from antique gems, by C. W. King, M. A., Fellow 
of Trinity College, Cambridge. Large 8vo. i/. is. 
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LIVY. Titi Livii Historise. The first five Books, with 

English Notes. By J. Prendeville. Eighth edition, i2mo. 
roan, 5j. Or Books I, to III. y, 6d, IV. and V. 3^. (>d, 

LUCRETIUS. Titi Lucreti Can de Renim Natura 

Libri Sex. With a Translation and Notes. By H. A. J. 
Munro, M. A., Fellow of Trinity College, Cambridge. Third 
edition revised throughout, 2 vols. 8vo. Vol. I. Text, idr. 
Vol. II. Translation, 6s, Sold separatdy. 

OVID. P. Ovidii Nasonis Heroides XIV. Edited, with 

Introductory Preface and English Notes, by Arthur Palmer, M. A., 
Fellow of Trinity College, Dublin. Demy 8vo. dr. 

PLAUTUS. Aulularia. With Notes, critical and exe- 

getical, and an Introduction on Plautian Prosody. By Wilhelm 
Wagner, Ph.D. 8vo. Qj. 

PROPERTIUS. Sex. Aurelii Propertii Carmina. The 

Elegies of Propertius, with English Notes. By F. A. Paley, 
M. A., Editor of "Ovid's Fasti," " Select Epigrams of Martial," 
&c. Second edition, 8vo. cloth. Qj. 

THUCYDIDES. The History of the Peloponnesian 

War. With Notes and a careful Collation of the two Cam- 
bridge Manuscripts, and of the Aldine and Juntine Editions. 
By Richard Shilleto, M. A., Fellow of S. Peter's College, 
Cambridge. Book I. 8vo. 6s. 6d, Book II. in the press, 

GREEK TESTAMENT. With a Critically revised Text ; 

a digest of Various Readings ; Marginal refetences to 
verbal and idiomatic usage ; Prolegomena ; and a critical 
and exegetical commentary. For the use of theological 
students and ministers. By Henry Alford, D. D., late Dean of 
Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I., Seventh Edition^ the Four Gospels, i/. 8j. Vol. II., 
Sixth Edition J the Acts of the Apostles, Epistles to the Romans 
and Corinthians. l/. 4$". — Vol. III., Eifth Edition, the Epistles 
to the Galatians, Ephesians, Philippians, Colossians, Thessa- 
lonians, — to Timotheus, Titus, and Philemon. i8j. — Vol. IV. 
Part I., Fourth edition. The Epistle to the Hebrews : Ths 
Catholic Epistles of St James and St. Peter. i8j. — Vol. IV. 
Part II. , Fourth edition. The Epistles of St. John and St. Jude, 
and the Revelation. 14J. Or Vol. IV. in one Vol. 32J. 

A 2 
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A LATIN GRAMMAR. By T. Hewitt Key, M.A., 
F. R. S., Professor of GimparatiTe Grammar, and Head Master 
of the Junior School, in Unirenitj Collm. Sixik Thousand^ 
wUh new corrections and additions, Postovo. &f. 



Latin ann ^teefc Clas? iBoofcis. 

CHURCH (A. J.) Latin Prose Lessons. By Alfred 
J. Church, M. A., Head Master of the Grammar School, 
Retford. A new edition. Fcs.p. 8to. zr. 6d, 

DAVIS and BADDELEY. Scala Graeca : a Series of 

Klementary Greek Exercises. By the Rev. J. W. Davis, 
M. A., Head Master of Tamworth Grammar School, and R. W. 
Baddeley, M. A. Second edition, Fcap. 8vo. doth. 2s. td. 

FROST (P.) Eclogse Latinae : or First Latin Reading 
Book, with English Notes and a Dictionary. By the Rev. 
P. Frost, M.A., St John's College, Cambridge. NewediHon, 
Fcap. 8vo. 2s, 6d, 

Materials for Latin Prose Composition. iWw 

edition, Fcap. 8vo. zr. 6d, 
— — Key. 4J. 

A Latin Verse Book. An Introductory Work on 

Hexameters and Pentameters. Fcap. 8va 31. Aew edition^ 
revised and enlarged. 

Key. 5/. 

- Analecta Graeca Minora, with Introductory Sen- 
tences, English Notes, and a Dictionary. New edition^ revised 

andeidarged, Fcap. 8vo. ^r. (id, 

Materials for Greek Prose Composition. Con- 
structed on the same plan as the " Materials for Latin Prose 
Composition." Fcap. 8vo. 31. dd, 

Key. 5/. 



GRETTON (F. E.) A First Cheque Book for Latin 

Verse Makers. By the Rev. F. E. Gretton, Head Master 
of Stamford Free Grammar School, sometime Fellow of St. 
John's College, Cambridge. \s. 6d. 

A Latin Version for Masters. 2s, 6d. 

Reddenda; or Passages with Parallel Hints for 

Translation into Latin Prose and Verbe. Crown 8vo. 4^. 6d, 
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GRETTON (F. E.) Reddenda Reddita; or Passages 

from English Poetry with a Latin Verse Translation. Cro^^^l 8vo. 

HOLDEN (H. A.) FoHorum Silvula. Part I. Being 

Passages for Translation into Latin Elegiac and Heroic Verse, 
edited by Hubert A. Holden, LL.D., late Fellow of Trinity 
College, Head Master of Queen Elizabeth's School, Ipswich. 
Sixth edition. Post 8vo. 7j. dd, 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By 
Hubert A. Holden, LL.D. Third edition. Post 8vo. 5J. 

Foliorum Silvula. Part III. Being Select Passage* 

for Translation into Greek Verse, edited with Notes by 
Hubert A. Holden, LL. D. Third edition. Post 8vo. %s, 

Folia Silvulse, sive Eclogae Poetarum Anglicorum 

in Latinum et Grsecum conversse quas disposuit Hubertus A. 
Holden, LL.D. Volumen Prius continens Fasciculos I. II. 
8vo. loj. dd, Volumen Alterum continens Fasciculos III. 
IV. 8vo. I2J. 



Foliorum Centuriae. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and 
College Examination Papers. By Hubert A. Holden, LL. D. 
Fifth edition. Post 8vo. 8s. 

KEY (T. H.) A Short Latin Grammar, for Schools. 

By T. H. Key, M. A., F. S. A., Professor of Comparative 
Grammar in University College, London, and Head Master of 
the School. Eighth edition. Post 8vo. 3^. 6</. 

MACLEANE (A. J.) Selections from Ovid: Amorcs, 

Tristia, Heroides, Metamorphoses. With English Notes, by 
the Rev. A. J. Macleane, M. A. New edition, Fcap. \s, dd, 

MASON (C. p.) Analytical Latin Exercises; Acci- 
dence and Simple Sentences, Composition and Derivation of 
Words and Compound Sentences. By C. P. Mason, B.A., 
Fellow of University College, London. Post 8vo. y, 6d, 

PRESTON (G.) Greek Verse Composition, for the use 

of Public Schools and Private Students. Beine a revised 
edition of the ' * Greek Verses of Shrewsbury School. By George 
Preston, M.A., Fellow of Magdalene College. Crowtv ^x^* 
45. 6d, 
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ClaiSiSiical Cables* 

GREEK VERBS. A Catalogue of Verbs, Irregular 
and Defective ; their leading formations, tenses in use, and 
dialectic inflexions, with a copious Appendix, containing 
Paradigms for conjugation, Rules for formation of tenses, &c. 
&c By J. S. Baird, T, C. D. New edition, revised* 2j. 6^. 

GREEK ACCENTS (Notes on). On Card, bd. 

HOMERIC DIALECT. Its Leading Forms and Peculi- 
arities. By J. S. Baird, T. C. D. is, 6d. 

GREEK ACCIDENCE. By the Rev. P. Frost, M.A. is. 

LATIN ACCIDENCE. By the Rev. P. Frost, M.A. is. 

LATIN VERSIFICATION, is. 

NOTABILIA QUiEDAM : or the Principal Tenses of 

most of the Irregular Greek Verbs and Elementary Greek, 
Latin, and French Constructions. New edition, is, 6d, 

RICHMOND RULES TO FORM THE OVIDIAN 

DISTICH, 8ic By J. Tate, M.A. New edition, is. 6d. 

THE PRINCIPLES OF LATIN SYNTAX, is. 



Ctani8ilation0, ^electtotiiSi, anti 3inu0^ 

trateti (SUttion^. 

•»♦ Many of the following books are well adapted for school 
prizes. See also pages 87-90. 

AESCHYLUS. Translated into English Prose, by F. A. 
Paley, M. A., Editor of the Greek Text. Second edition, 
revised, 8vo. *js, 6d. 

Translated by Anna Swan wick. With Introductions 

and Notes. New edition. Crown 8vo. 2 vols. 12s. 

Folio Edition with Thirty-three Illus- 
trations from Flaxman's designs. Price ;^2 2s, 

ANTHOLOGIA GR^C A. A Selection of Choice Greek 

Poetry, with Notes. By Rev. F. St. John Thackeray, 
Assistant Master, Eton College. New edition, correct^. 
Fcap. 8vo. 7j. 6d, 

ANTHOLOGIA LATINA. A Selection of Choice Latin 

Poetry, from Noevius to Boethius, with Notes. By Rev. F. St. 
John Thackeray, Assistant Master, Eton College. New 
ei/t'/ioftf enlarged. Fcap. 8vo. 65. dd. 
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ARISTOPHANES, The Peace. The Greek text, and a 

metrical translation on opposite pages, with notes and intro- 
duction, &c. By Benj. Bickley Rogers, M.A., late fellow of 
Wadham College, Oxford. Fcap. 4to. 7^. 6d. 

The Wasps. Text and metrical translation, with 

notes and introduction. By Benj. B. Rogers, M. A. Fcap. 8vo. 
7^. 6d. [In the Press^ 

CORPUS POETARUM LATINORUM. Edited by 

Walker, i thick vol. 8vo. Cloth, i8j. 

Contaming: — Catullus, Lucretius, Virgilius, Ti- 
BULLus, Propertius, Ovidius, Horatius, Phaedrus, 
LucANus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius 
SicuLus, AusoNius and Claudianus. 

HORACE. The Odes and Carmen Sseculare. Trans- 
lated into English Verse by the late John Conington, M. A, 
Corpus Professor of Latin in the University of Oxford. Fifth 
edition, Fcap. 8vo. 5j. dd, 

The Satires and Epistles. Translated in English 

Verse by John Conington, M. A Third edition, ts, 6d, 
Illustrated from Antique Gems by C. W. King, 



M.A, Fellow of Trinity Coll^;e, Cambridge. The text 
revised with an Introduction by H. A J. Munro, M. A., 
Fellow of Trinity College, Cambridge, Editor of Lucretius. 
Large 8vo. £i is, 

M.VSJE ETONENSES sive Carminvm Etonae Condi- 

torvm Delectvs. Series Nova, Tomos Dyos complectens. 
Edidit Ricardvs Okes, S. T. P. Coll. Regal, apvd Cantabri- 
gienses Praepositvs. 8vo. i$s, 
• VoL II., to complete Sets, may be had separately, price 5j. 

PROPERTIUS. Verse translations from Book V. with a 

revised Latin Text and brief English notes. By F. A Paley, 
M. A. Fcap. 8vo. 3^, 

PLATO. Gorgias, literally translated, with an Intro- 
ductory Essay containing a summary of the argument. By the 
late E. M. Cope, M. A, Fellow of Trmity College. 8vo. 7^. 

Philebus. Translated with short Explanatory Notes 

by F. A Paley, M. A Small 8vo. 4s, 

Theaetetus. Translated with an Introduction on 
the subject-matter, and short explanatory notes. By F. A. Paley, 
M. A Small 8vo. 4r, 
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PLATO. An Analysis and Index of the Dialogues. With 

References to the Translation in BoIm*s Classical Library. By 
Dr. Day. Post 8vo. $s, 

REDDENDA REDDITA; or, Passages from English 

Poetry with a Latin Verse Translation. By F. E. Gretton, 
Head Master of Stamford Free Grammar School Crown 8yo, 
dr. 

SABRINiE COROLLA in hortulis Regiae Scholae 

Salopiensis contexuenmt tres viri floribus legendis. Editio 
tertia, 8vo. %s, 6^. 

SERTUM CARTHUSIANUM Floribus trium Seculo- 
rum Contextum. Cura Gulielmi Haig Brown, Scholae Carthu- 
sianae ArchididascaU. 8va I4r. 

THEOCRITUS. Translated into English Verse by C. 

S. Calverley, M. A, late Fellow of Christ's College, Cambridge. 
Crown 8vo. 7j. dd. 

TRANSLATIONS into English and Latin. By C. S. 

Calverley, M. A, late Fellow of Christ's Collie, Cambiidge. 
Post 8va 7j. 6^. 

Into Greek and Latin Verse. By R. C. Jebb, 

Fellow of Trinity College and Public Orator in the University 
of Cambridge. 4to. cloth gilt. icxr. 6^. 

VIRGIL in English Rhythm. With lUustrations from 
the British Poets, from Chaucer to Cowper. By the Rev. Robert 
Corbet Singleton, first Warden of S. reter's College, Radley. 
A manual for master and scholar. Second edition^ re-written 
and enlarged. Large crown 8vo. 7j. 6</. 

A HISTORY OF ROMAN LITERATURK By W. S. 

Teuffel, Professor at the University of Tiibingen. Translated, 
with the Author's sanction, by Wilhelm Wagner, Ph. D., of tMb 
Johanneum, Hamburg. Two vols. Demy 8va 2.\s, 

"Professor Teuffel skilfully groups the various departments 
of Roman literature according to periods and according to sub- 
jects, and he well brings out the leading characteristics of each.** 
— Saturday Review, 

THE THEATRE OF THE GREEKS. A Treatise 

on The History and Exhibition of the Greek Drama, with a 
Supplementary Treatise on the Language, Metres, and Prosody 
of the Greek Dramatists, by John WiUiam Donaldson, D.D., 
formerly Fellow of Trinity College, Cambridge. With numerous 
Illustrations from the best ancient authorities. Eighth edition. 
Post 8vo. 5^. 
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MATHEMATICAL AND OTHER CLASS 

BOOKS. 

Camdtttige Reboot anti College Cert 

'BooliBi. 

A Series of Elementary Treatises adapted for the use of students 
in the Universities, Schools, and candidates for the Public Examina- 
tions. Uniformly printed in Foolscap 8vo. 

ARITHMETIC. By Rev. C Elsee, M. A., late Fellow 
of St John's Collie, Cambridge ; Assistant Master at 
Rugby. Intended for the use of Rugby School. Fcap. 
8vo.. J^Ijfth edition, 31. (xi, 

ELEMENTS OF ALGEBRA. By the Rev. C. Elsee, 

M. A. Second edition^ enlarged, 4r. 

ARITHMETIC. For the Use of Colleges and Schools. 

By A. Wrigley, M. A. 3^. 6d, 

AN INTRODUCTION TO PLANE ASTRONOMY. 

For the Use of Collies and Schools. By P. T. Main, M. A., 
Fellow of St. John's College. Second edition, 4J, 

ELEMENTARY CONIC SECTIONS treated Geome- 
trically. By W. H. Besant, M. A., Lecturer and late Fellow of 
St. John's College. 4r. 6d, 

ELEMENTARY STATICS. By the Rev. Harvey Good- 
win, D.D., Bishop of Carlisle. New edition y revised, 3^. 

ELEMENTARY DYNAMICS. By the Rev. Harvey 

Goodwin, D. D., Bishop of Carlisle. Second edition, 3J. 

ELEMENTARY HYDROSTATICS. By W. H. Besant, 
M. A., late Fellow of St. John's College. Sixth edition, 4r. 

AN ELEMENTARY TREATISE ON MENSURA- 
TION. By B. T. Moore, M. A., Fellow of Pembroke College. 
With numerous Examples. 5^. 

THE FIRST THREE SECTIONS OF NEWTON'S 

PRINCIPIA, with an Appendix ; and the Ninth and Eleventh 
Sections. By John H. Evans, M.A. The Fifth Edition, 
edited by P. T. Main, M. A. 45, 
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ELEMENTARY TRIGONOMETRY. With a CoUec- 
tion of Examples. By T. P. Hudson, M. A., Fellow of Trinity 
College, y. 6d, 

GEOMETRICAL OPTICS. By W. S. Aldis, M. A., 
Trinity College, y. 6cl, 

COMPANION TO THE GREEK TESTAMENT. 
Designed for the Use ol Theological Students and the Upper 
Forms in Schools. By A. C. Barrett, A.M., Cains Collie. 
TTiird edition y revised and enlarged, Fcap. 8vo. 5^. 

AN HISTORICAL AND EXPLANATORY TREA- 
TISE ON THE BOOK OF COMMON PRAYER. By W. 
G. Humphry, B. D. Fifth edition revised, Fcap. 8vo. 4f. 6</. 

MUSIC. By H. C. Banister, Professor of Harmony 
and Composition at the Royal Academy of Music Third 
edition, revised, 5j. 

Others in Preparation, 



H 
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% 
IND (J.) Principles and Practice of Arithmetic. 

Comprising the Nature and Use of Logarithms, with the 
Computations employed by Artificers, Gangers, and Land 
Surveyors. Designed for the Use of Students, by J. Hind, M. A., 
formerly Fellow and Tutor of Sidney Sussex College. Ninth 
edition^ with Questions. 4?. (id, 

A Second Appendix of Miscellaneous Questions (many of 
which have been taken from the Examination Papers given in 
the University during the last few years) has been added to the 
present edition of this work, which the Author considers will 
conduce greatly to its practical utility, especially for those who 
are intended for mercantile pursuits. 

»% Key, with Questions for Examination. Second edition, 5j. 

Elements of Algebra. Designed for the Use of 

Students in Schools and in the Universities. By J. Hind, 
M. A. Sixth edition, revised, 540 pp. 8vo. lOj. td, 

WATSON (J.) A Progressive Course of Examples in 

Arithmetic. With Answers. By James Watson, M. A., of 
Coqius Christi College, Cambridge, and formerly Senior Mathe- 
matical Master of the Ordnance School, Carshalton. Second 
^ition, revised and corrected^ Fcap. 8vo. zs, 6d, 
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(2&eometrp anti (!Eucltti. 

ALDIS (T. S.) Text Book of Geometry. By T. S. 
Aldis, M. A., Trinity College, Cambridge. Small 8vo. 
4J. 6d, Part I. — Angles— Parallels — Triangles — Equiva* 
lent Figures — Circles. 2s. 6d, Part II. Proportion. Just pub^ 
lished, 2s, Sold separately. 

The object of the work is to present the subject simply and 
concisely, leaving illustration and explanation to the teacher, 
whose freedom text-books too often hamper. Without a teacher, 
however, this work will possibly be found no harder to master 
than others. 

As far as practicable, exercises, largely numerical, are given 
on the different Theorems, that the pupil may learn at once the 
value and use of what he studies. 

Hypothetical constructions are throughout employed. Im- 
portant Theorems are proved in more than one way, lest the 
pupil rest in words rather than things. Problems are regarded 
chiefly as exercises on the theorems. 

Short Appendices are added on the Analysis of Reasoning 
and the Application of Arithmetic and Algebra to Geometry. 

EUCLID. The Elements of Euclid. A new Text 

based on that of Simson, with Exercises. Edited by H. J. 
Hose, formerly Mathematical Master of Westminster School. 
Fcap. 8vo. 4J. 6<i. Exercises separately, It. 

Contents : — Books I. — VI. ; XI. i — 21 ; XII. i, 2. 

The Elements of Euclid. The First Six Books, with 

a Commentary by Dr. Lardner. TentA edition, 8vo. 6x, 

The First Two Books Explained to Beginners ; by 

C. P. Mason, B. A. Second edition. Fcap. 8vo. 2j. 6d. 

The Enunciations and Figures belonging to the 



Propositions in the First Six ind part of the Eleventh Books of 
Euclid*s Elements (usually read in the Universities), prepared 
for Students in Geometry. By the Rev. J. Brasse, D. D. New 
edition, Fcap. 8vo. is. On cards, in case, $s, 6d, 
Without the Figures, 6d» 

McDowell (J.) Exercises on Euclid and in Modem 

Geometry, containing Applications of the Principles and Pro- 
cesses of Modem Pure Geometry. By J. McDowell, B. A,, 
Pembroke College. Crown 8vo. Ss» 6d, 

BESANT (W. H.) Elementary Geometrical Conic 

Sections. By W. H. Besant, M. A. 4J. 6d. 
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TAYLOR (C.) The Geometry of Conies. Second edition 

revised and enlanzed. By C. Taylor, M.A., Fellow of St. 
John's Collie. 8vo. 4J. 6d. 

Pages 80 to 112 to complete the First edition may be had 
separately, price is, 

GASKIN (T.) Solutions of the Geometrical Problems, 

consisting chiefly of Examples, proposed at St John*s College, 
from 1830 to 1846. With an Appoidix on the General Equa- 
tion of £he Second Degree. By T. Gaskin, M. A 8vo. 12s. 
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ALDOUS (J. C. P.) The Shrewsbury Trigonometry. 
A Step to the Study of a more complete treatise. By 
J. C. F. Aldous, Jesus Collie, Cambridge, Senior Ma- 
thematical Master of Shrewsbury School. 2J. 

HUDSON (T. P.) Elementary Trigonometry. With 

a Collection of Examples. By T. P. Hudson, M. A, Fellow 
and Assistant Tutor of Trinity Collie. 3J. 6d, 

HIND (J.) Elements of Plane and Spherical Trigo- 
nometry. With the Nature and Properties of Logarithms 
and Construction and Use of Mathematical Tables. Designed 
for the use of Students in the University. By J. Hind, M.A. 
Fifth edition, i2mo. 6s, 

MOORE (B. T.) An Elementary Treatise on Mensura- 
tion. By B. T. Moore, M. A., Fellow of Pembroke Coll^[e. 
With numerous Examples. $s. 



analytical (l^eometrp anti Differential 

Calculu0. 

TURNBULL (W. P.) An Introduction to Analytical 
Plane Geometry. By W. P. Tumbull, M.A. Fellow of 
Trinity College. 8vo. 12s, 

O'BRIEN (M.) Treatise on Plane Co-ordinate Geome- 
try. Or the Application of the method of Co-ordinates to 
the solutions of problems iti Plane Geometry. By M. O'Brien, 
M.A. 8vo. 9J. 

VYVYAN (T. G.) Eletnentary Analytical Geometry 

for Schools dnd Beginners. By T. G. Vyvyan, Fellow of 
Gonville and Caius College, and Mathematical Master of 
^nrterhovse. Second edition y revised, Ctowtv Svo. ^s, 6d. 
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WALTON (\V.) Problems in illustration of the Principles 
of Plane Co-ordinate Geometry. By W.Walton, M.A. 8vo. i6/, 

WHITWORTH (W. A.) Trilinear Co-ordinates, and 

other methods of Modem Analytical Geometry of Two Di- 
mensions. An Elementary Treatise. By W. Allen Whit- 
worth, M. A., Professor of Mathematics in Queen's College, 
Liverpool, and late Scholar of St. John's College, Cambridge. 
8vo. i6j. 
ALDIS (W. S.) An Elementary Treatise on Solid 
Geometry. Revised, By W. S. Aldis, M.A. Second edition^ 
revised, 8vo. Sx. 

GREGORY (D. F.) A Treatise on the Application of 

Analysis to Solid Geometry. By D. F. Gregory, M. A., and 
W. Walton, M. A. Second edition, 8vo. 125, 

PELL (M. B.) Geometrical Illustrations of the Diffe- 
rential Calculus. By M. B. Pell. 8vo. 25, 6d, 

O'BRIEN (M.) Elementary Treatise on the Diffe- 
rential Calculus, in which the method of Limits is exclusively 
made use of. By M. O'Brien, M. A. 8vo. icxr. 6d, 

BESANT (W. H.) Notes on Roulettes and Glissettes. 

By W. H. Besant, M. A. 8vo. 3J. 6d, 

a^ecfianiCjB! ann Ji^atural l^f)tlo0opbp« 

EARNSHAW (S.) Treatise on Statics : Containing 
the Theory of the Equilibrium of Forces, and numerous 
Examples illustrative of the General Principles of the 
Science. By S. Eamshaw, M.A. Fourth edition, 8vo. ios,6d, 

WHEWELL (Dr.) Mechanical Euclid. Containing tlie 

Elements of Mechanics and Hydrostatics. By the late W. 
Whewell, D. D. Fifth edition. $5, 

FENWICK (S.) The Mechanics of Construction ; in- 

eluding the Theories of the Strength of Materials, Roofs, 
Arches, and Suspension Bridges. With numerous Example?. 
By Stephen Fenwick, F. R. A. S., of the Royal Military 
Academy, Woolwich. 8vo. 12s, 

GARNETT (W.) A Treatise on Elementary Dynamics 

for the use of Colleges and Schools. By William Garnett, B. A. 
(late Whitworth Scholar), Fellow of St. John's College, and 
Demonstrator of Physics in the University of Cambridge. 
Crown 8vo. 6s, 

GOODWIN (Bp.) Elementary Statics. By H. Good- 
win, D, D,, Bp. of Carlisle. Fcap. 8vo. New edition, 3^. cloth. 
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GOODWIN (Bp.) Elementary Dynamics. By H. Good- 
win, DD. , Bishop of Carlisle. Fcap. 8vo. second edition, 3^. cloth. 

WALTON (W.) Elementary Problems in Statics and 

Dynamics. Designed for Candidates for Honours, first three 
days. By W. Walton, M. A. 8vo. loj. 6d, 

POTTER (R.) An Elementary Treatise on Mechanics. 

For the use of Junior University Students. By Richard 
Potter, A. M., F. C. P. S., late Fellow of Queens* College, 
Cambridge. Professor of Natural Philosophy and Astronomy 
in University College, London. Fourth edition^ revised, %s, 6d. 

Elementary Hydrostatics Adapted for both Junior 

University readers and Students of Practical Engineering. By 
R. Potter, M. A. p, 6d. 

BESANT (W. H.) Elementary Hydrostatics. By W. 
H. Besant, M. A., late Fellow of St. John's College. Fcap. 
8vo. Sixth edition, 4^. 

A Treatise on Hydromechanics. By W. H. Besant, 

M. A. 8vo. New edition in the press, 

GRIFFIN (W. N.) Solutions of Examples on the Dyna- 
mics of a Rigid Body. By W. N. Griffin, M. A 8vo. dr. 6d, 

LUNNQ.R.) Of Motion. An Elementary Treatise. By 
J. R. Lunn, M. A., late Fellow of St. John's, Camb. Svo. 7j. 6d, 

BESANT (W. H.) A Treatise on the Dynamics of a 

Particle. Preparing, 

ALDIS (W. S.) Geometrical Optics. By W. S. Aldis, 

M. A, Trinity College, Cambridge. Fcap. Svo. 3J. (id, 

A Chapter on FresneFs Theory of Double Re- 
fraction. By W. S. Aldis, M.A. Svo. 2s, 

POTTER (R.) An Elementary Treatise on Optics. 

Part I. Containing all the requisite Propositions carried to 
first Approximations ; with the construction of optical instru- 
ments. For the use of Junior University Students. By 
Richard Potter, A. M., F.C. P. S., late Fellow of Queens' 
College, Cambridge. Third edition, revised, gs, 6d. 

An Elementary Treatise on Optics. Part II. 

Containing the higher Propositions with their application to 
the more perfect forms of Instruments. By Richard Potter, 
AM., F.C. P. S. 12s, 6d, 

Physical Optics; or, the Nature and Properties 



of Light, A Descriptive and Experimental Treatise. By 
Richard Potter, A. M. , F. C .P. S. ts, M. 
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POTTER (R.) Physical Optics. Part II. The Corpus- 
cular Theory of Light discussed Mathematically. By Richard 
Potter, M. A. ^s, 6d. 

HOPKINS (W. B.) Figures Illustrative of Geometri- 
cal Optics. From Schelbach. By W. B. Hopkins, B. D. 
Folio. Plates, ioj. 6d, 

MAIN (P. T.) The First Three Sections of Newton's 

Principia, with an Appendix ; and the Ninth and Eleventh 
Sections. By John ri. Evans, M. A. The Fifth edition, 
edited by P. T. Main, M. A. 4J. 

An Introduction to Plane Astronomy. For the 

use of Colleges and Schools, By P. T. Main, M. A., Fellow 
of St, John's College. Fcap. 8vo. cloth, 4^. 

MAIN (R.) Practical and Spherical Astronomy. For 

the Use chiefly of Students in the Universities. By R. Main, 
M.A., F.R.S., Radcliffe Observer at Oxford. 8vo. 14J. 

Briinnow's Spherical Astronomy. Part I. Includ- 
ing the Chapters on Parallax, Refraction, Aberration, Preces- 
sion, and Nutation. Translated by R. Main, M. A., F. R. S., 
Radcliffe Observer at Oxford. 8vo. 8j, 6^. 

GOODWIN (Bp.) Elementary Chapters on Astro- 
nomy, from the " Astronomie Physique" of Biot. By Hurvey 
Goodwin, D. D,, Bishop of Carlisle. 8vo, 3J. 6d, 

Elementary Course of Mathematics. Designed 

principally for Students of the University of Cambridge. By 
riarvey Goodwin, D.D,, Lord Bishop of Carlisle. Sixth 
edition, revised and enlarged by P. T. Main, M, A., Fellow 
of St. John's College, Cambridge. 8vo. i6j. 

Problems and Examples, adapted to the " Ele- 
mentary Course of Mathematics." By Harvey Goodwin, 
D, D. With an Appendix, containing the Questions proposed 
during the first three days of the Senate-House Examination, 
by T. G. Vyvyan, M. A. Third edition, 8vo. 5j. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W, Hutt, M. A., late Fellow of Gon- 
ville and Caius College. Third edition, revised and enlarged. 
By T. G. Vyvyan, M. A. 8vo. 9/. 

SMALLEY (G. R.) A Compendium of Facts and For- 
mulae in Pure Mathematics and Natural P\\\.\.cv5.ci^Vq« "^-^ ^.^^^ 
SmalJey, F.R. A. S., of St. JoWs CoW, CtcKv.^c-sc^.^^'^^V-^*" 
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TAYLOR (John). A Collection of Elementary 

Examples in Pare Mathematics, arranged in Examination 
Papers ; for the use of Students for the Military and Civil Service 
Examinations. By John Taylor, late Military Tutor, Wool- 
wich Common. 8vo. 7/. (yd, 

FILIPOWSKI (H. E.) A Table of Anti-Logarithms. 

Containing, to seven places of decimals, natural numbers 
answering to all logarithms from xxxx)! to '99999, and an im- 
proved table of Gauss* Logarithms, by which may be found the 
Logarithm of the sum or difference of two quantities. With Ap- 
pendix, containing a Table of Annuities for 3 joint lives at 3 
per cent. By H. E. Filipowsku Third edition, 8vo. 15J. 

BYRNE (O.) A system of Arithmetical and Mathe- 
matical Calculations, in which a new basis of notation is 
employed, and many processes, such as involution and evolu- 
tion, become much simplified. Invented by Oliver B3rmc. 

Dual Arithmetic \ or, the Calculus of Concrete Quan- 
tities, Known and Unknown, Exponential and Transcendental, 
including Angular Magnitudes. With Analysis. PartLSvo. \\s. 

In it will be found a method of obtaining the logarithm^of 
any number in a few minutes by direct calculation ; a method 
of solving equations, which involve exponential, logarithmic 
and circukr functions, &c. &c. 

Dual Arithmetic. Part IL The Descending Branch, 

completing the Science, and containing the Theory of the Appli- 
cation of both Branches. 8vo. lOf. dd, 

Dual Tables (Ascending and Descending Branches). 

Comprising Dual Numbers, Dual Logarithms, and Common 
Numbers ; Tables of Trigonometrical Values, Angular Magni- 
tudes, and Functions, with their Dual Logarithms. 4to. 7.1s, 

ELLIS (Leslie). The Mathematical and other 

Writings of Robert Leslie Ellis, M. A., late Fellow of 
Trinity College, Cambridge. Edited by William Walton, 
M. A., Trinity College, with a Biographical Memoir by Har- 
vey Goodwin, D. D., Bishop of Carlisle. 8vo. I dr. 

CHALLIS (Prof.) Notes on the Principles of Pure 

a id Applied Calculation, and Applications to the Theories of 
Physical Forces. By Rev. J. Challis, M.A., F.R.S., &c, Plumian 
Professor of Astronomy, Cambridge. Demy 8vo. 15^. 

The Mathematical Principle of Physics. An 

Essay, By ihe Rev. James Challis, M.A., F.R.S. Demy 
8vo, £S, 
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MISCELLANEOUS EDUCATIONAL WORKS. 

URN (R.) Rome and the Campagna. An Historical 

and Topographical Description of the Site, Buildings, and 
Neighbourhood of Ancient Rome. By Robert Bum, 
M. A., late Fellow and Tutor of Trinity College, Cambridge. 
With Eighty-five fine Engpravings by Jewitt, and Twenty-five 
Maps and Plans. Handsomely bound in cloth. 4to. 3/. 3J. 

DYER (T. H.) The History of the Kings of Rome. 

By Dr. T. H. Dyer, Author of the " History of the City of 
Rome;" ** Pompeii: its History, Antiquities," &c., with a 
Prefatory Dissertation on the Sources and Evidence of Early 
Roman History. 8vo. 16s, 

** It will mark, or help to mark, an era in the history of the 
subject to which it is devoted. It is one of the most decided as 
well as one of the ablest results of the reaction which is now in 
progress against the influence of Niebuhr." — Pall Mall Gazette, 

A Plea for Livy, throwing a new light on some 

passages of the first Book, and rectifying the German doctrine 
of the imperative mood. 8vo. \s, 

Roma Regalis, or the Newest Phase of an Old 



Story. 8vo. 2j. 6^. 

An examination of the views and arguments respecting Regal 
Rome, put forth by Professor Seeley in a recent edition of 
** Livy,'* Book I. 

— The History of Pompeii; its Buildings and An- 
tiquities. An account of the city, with a full description of the 
remains and the recent excavations, and also an Itinerary for 
visitors. Edited by T. H. Dyer, LL. D. Illustrated with 
nearly Three Hundred Wood Engravings, a large Map, and a 
Plan of the Forum. Third edition, brought down to 1873. 
2 vols, post 8vo. \In the press. 

Ancient Athens : Its History, Topography, and 

Remains. By Thomas Henry Dyer, LL. D., Author of "The 
History of the Kings of Rome." Super-royal 8vo. cloth, i/. 5j. 

This work gives the result of the excavatvotfi. \» ^35^R. ^x^ags^. 
time, and of a recent careful examma.\)\oTv ol \}c«.VicaSj^^&"^ "^^ 
Author. It is illustrated with pVatvs, actv^i v?wA«i'<£c^^^w^'^'=^^ 
from photogrsLphs, 



88 George Bell and Sons* 



LONG (G.) The Decline of the Roman Republic. Svo. 

Vol. I. From the Destruction of Carthage to the End of the 
Jugurthine War. 14J. 

Vol. II. To the Death of Sertorius. I4f. 

Vol. III. Including the third Mithridatic War, the Catiline 
Conspiracy, and the Consulship of C. Julius Caesar. 141. 

Vol. IV. History ot Caesar's Gallic Campaigns and of the 
contemporaneous events in Rome. i^r. 

Vol. V. Concluding the work. 14J. 

"If any one can guide us through the almost inextricable 
mazes of this labyrinth, it is he. As a chronicler, he possesses 
all the requisite knowledge, and what is nearly, if not quite as 
important, the necessary caution. He never attempts to explain 
that which is hopelessly corrupt or obscure : he does not con- 
found twilight with daylight ; he warns the reader repeatedly 
that he is standing on shaking ground ; he has no framework of 
theory into which he presses his facts." — Saturday Review, 

PEARSON (C. H.) A History of England during the 
Early and Middle Ages. By C. H. Pearson, M. A., Fellow 
of Oriel College, Oacford, and Lecturer in History at Trinity 
College, Cambridge. Secofid edition^ revised and enlarged, 
Svo. Vol. I. to the Death of Cceur de Lion. i6j. Vol. II. 
to the Death of Edward I. 14J. 

Historical Maps of England. By C. H. Pearson. 

Folio. Second edition^ revised, 3IJ. dd. 

An Atlas containing Five Maps of England at different 
periods during the Early and Middle Ages. 

BOWES (A.) A Practical Synopsis of English History ; 

or, A General Summary of Dates and Events for the use of 
Schools, Families, and Candidates for Public Examinations. 
By Arthur Bowes. Fourth edition, Svo. 2s, 

BEALE (D.) Student's Text-Book of English and 
General History, from B. c. 100 to the .Present Time, with 
Genealogical and Literary Tables, and Sketch of the English 
Constitution, By D.. Beale. Crown Svo. 2s, 6d, 

STRICKLAN D (AGNES). The Lives of the Queens of 

England ; from the Norman Conquest to the Reign of Queen 
Anne. By Agnes Strickland. Abridged by the Author for 
the use of Schools and Families. Post Bvo. Cloth, 6j. 6d. 
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HUGHES (A. W.) Outlines of Indian History: com- 
prising the Hindu, Mahomedan, and Christian Periods (down to 
the Resignation of Sir J. Lawrence). With Maps, Statistical 
Appendices, and numerous Examination Questions. Adapted 
specially for Schools and Students. By A. W. Hughes, Bom. 
Uncov. Civil Service, and Gray's Inn. Small post 8vo. y. 6d, 

HELPS (SIR A.) The Life of Hernando Cortez, and 

the Conquest of Mexico. Dedicated to Thomas Carlyle. 2 
vols, crown 8vo. 15^. 

The Life of Christopher Columbus, the Discoverer 

of America. Fourth edition. Crown 8vo. 6s, 
The Life of Pizarro. With Some Account of his 

Associates in the Conquest of Peru. Second edition, Cr. Svo. 6s, 

The Life of Las Casas, the Apostle of the Indies. 



Third edition. Crown Svo. 6s, 
TYTLER (PROF.) The Elements of General History. 

New edition. Revised and brought down to the present time. 
Small post Svo. 3J. 6d. 

ATLASES. An Atlas of Classical Geography ; Twenty- 
four Maps by W. Hughes and George Long, M. A. Neiu 
edition, with coloured outlines. Imperial Svo. 12s, 6d, 

This Atlas has been constructed from the best authorities by 
Mr. W. Hughes, under the careful supervision of Mr. Long. 
The publishers believe that by this combination they have 
secured the .most correct Atlas of Ancient Geography that has 
yet been produced. 

— — A Grammar School Atlas of Classical Geography. 
Containing Ten Maps selected from the above. Imperial 
Svo. Neiu edition, ^s. 

Contents : — The Provinces of the Roman Empire. Gallia. 
Italia. Graecia (including Epirus and Thessalia, with part of 
Macedonia). The Coasts and Islands of the Aegaean Sea. 
Asia Minor, and the Northern part of Syria. Palaestina, with 
part of Syria, Assyria, and the Adjacent Countries. Sicilia ; 
and a Plan of Rome. 

First Classical Maps. By the Rev. J. Tate, M.A. 

Third edition. Imperial Svo. 7^. 6d, 

Standard Library Atlas of Classical Geography. 

Twenty-two large Coloured Maps according to the latest authori- 
ties. With a complete Index (accentuated), giving the latitude 
and longitude of every plape named in the Maps. Imperial Svo. 
Is, 6d, 
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RICHARDSON (Dr.) New Dictionary of the Eng- 
lish Language. Combining Explanation with Etymo- 
logy, and copiously illustrated by Quotations from the best 
Authorities. New edition^ with a Supplement containing addi* 
tional words and further Illustrations. The Words, with 
those of the same family, are traced to their origin. The Ex- 
planations are deduced from the primitive meaning through 
the various usages. The Quotations are arranged chrono- 
logically, from the earliest period to the present time. In 
2 vols. 4to. £^ i^r. 6^. ; half-bound in russia, £^% 155. dd, \ 
in russia, {^d 12s, The Supplement separately, 4to. 12s. 

An 8vo. Edition, without the Quotations, 15J. ; half-russia, 
20s, ; russia, 2^, 

ADAMS (Dr.) The Elements of the English Language. 

By Ernest Adams, Ph. D. Thirteenth edition. Post 8vo. 4J. dd, 

KEY (Prof.) Philological Essays.- By T. Hewitt 
Key, Professor of Comparative Grammar in University College, 
London. 8vo. 10^. €d. 

Language, its Origin and Development. By T. 



Hewitt Key, Professor of Comparative Grammar in University 
College, ovo. \^. 

This work is founded on the Course of Lectures on Compa- 
rative Grammar delivered during the last twenty years in Uni- 
versity College. The evidence being drawn chiefly from two of 
the most familiar members of the Indo-European family, 
Latin and Greek, especially the former, as that to which the 
writer's hours of study, for half a century, have been almost 
wholly devoted. 

DONALDSON (J. W.) Varronianus. A Critical and 

Historical Introduction to the Ethnography of Ancient Italy and 
to the Philological Study of the Latin Language. Third edition, 
revised and considerably enlarged. By J. W. Donaldson, D. D. 
8vo. ids, 

SMITH (Archdn.) Synonyms and Antonyms of the 

English Language. Collected and Contrasted by the Ven, 
C. J. Smith, M. A. Second edition. Post 8vo. 5j. 

Synonyms Discriminated. Showing the accurate 

signification of words of similar meaning. By the Ven. C. J. 
Smith. Demy 8vo. idf. 

PHILLIPS (Dr.) A Syriac Grammar. By G. Phillips, 
D, D,, President of Queens' CoWegt. Tfiird edition^ revised 
anc/ enlarged, 8vo, 7^. 6</. 
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BEAMONT (W. J.) A Concise Grammar of the Arabic 

Language. By the Rev. W. J. Beamont, M. A. Revised by 
Sheikh Ali Nady el Barrany, one of the Sheikhs of the El 
Azhar Mosque in Cairo. i2mo. 7^. 

WEBSTER. A Dictionary of the English Language. 

By Dr. Webster. Re-edited by N. Porter and C. A. Goodrich. 
The Etymological portion being by Dr. C. F. Mahn, of Berlin. 
With Appendix and Illustrations complete in one volume. 
£i I IS, ba. 

Besides the meaning and derivation of all words in ordinary 
use, this volume will hQ found to contain in greater fulness than 
any other Dictionary of the English Language hitherto published, 
scientific and technical terms, accompanied in many instances by 
explanatory woodcuts and an appendix giving supplementary 
lists, explanations, and 70 pages of elaborate diagrams and illus- 
trations. In its unabridged form as above, it supplies at a 
moderate price as complete a literary and scientific reference 
book as could be obtained in the compass of a single volume. 

" For the student of English etymdogically Wedgwood, Ed. 
Muller, and Mahn's Webster are the best dictionaries. While 
to the general student Mahn's Webster and Craig's * Universal 
Dictionary ' are most usefiil." — Athenaunt, 

"The best practical English Dictio»vary extant." 
— Quarterly Review, 

Dit)initp, amoral l^bilodopbp^ dfc. 

SCRIVENER (Dr.) Novum Testamentum Graecum, 
Textus Stephanici, 1550. Accedunt variae lectiones edi- 
tionum Bezse, Elzeviri, Lachmanni, Tischendorfii, et Tre- 
gellesiu Curante F. H. Scrivener, A, M., LL. D. i6mo. 

An Edition luith wide Margin for Notes, *js, 6d, 

This Edition embodies all the readings of Tr^elles and of 
Tischendorf's Eighth or Latest Edition. 

Codex Bezae Cantabrigiensis. Edited, with Pro- 
legomena, Notes, and Facsimiles, by F. H. Scrivener, M. A. 
4to. 26s, 

A Full Collation of the Codex Sinaiticus, with 

the Received Text of the New Testament ; to which is prefixed 
a Critical Introduction. By F. H. Scrivener, M. A. Second 
edition, revised, Fcap. 8vo. 5^. 

** Mr. Scrivener has now placed VVvt xe5^3^\.^ cA 'X^^^afc^^'^'^ 's* 
discovery withm reach" of a\\ *m a ORa.TCsC\^%, \\\5i\fc ^^S^ssifc. 



92 George Bell and Sons' 

which ought to form a companion to the Greek Testament in the 
library of every Biblical student." — Reader, 

SCRIVENER (Dr.) An Exact Transcript of the 
Codex Augiensis, Grseco-Latina Manuscript in Uncial Letters 
of St. Paul's Epistles, preserved in the Library of Trinity Col- 
lege, Cambridge. To which is added a Full Collation oi Y'i[\y 
Manuscripts containing various portions of the Greek New Tes- 
tament deposited in English Libraries : with a full Critical In- 
troduction. By F. H, Scrivener, M. A, Royal 8vo. 26j. 

The Critical Introduction is issued separately, pricey, 
A Plain Introduction to the Criticism of the New 

Testament. With Forty Facsimiles from Ancient Manu- 
scripts. Containing also an account of the Egyptian versions, 
contributed by Canon Lightfoot, D. D. For the use of Biblical 
Students. By F. H. Scrivener, M, A., LL.D. Prebendary of 
Exeter. 8vo. New edition. i6j. 

Six Lectures on \he Text of the New Testament, 

and the MSS. which contain it, chiefly addressed to those who 
do not read Greek. By Rev. F. H. Scrivener. With fac- 
similes from MSS. Crown 8vo. 6s, 

ALFORD (Dean). Greek Testament. See p. 9. 
BARRETT (A. C.) Companion to the Greek Testament* 

For the use of Theological Students and the Upper Forms in 
Schools. By A. C. Barrett, M. A., Caius Collie; Author 
of "A Treatise on Mechanics and Hydrostatics." Third edition, 
enlarged and improved, Fcap. 8vo. 5j. 

This volume will be found useful for all classes of Students 
who require a clear epitome of Biblical knowledge. It gives in 
a condensed form a large amount of information on the Text, 
Language, Geography, and Archaeology ; it discusses the allied 
contradictions of the New Testament and the disputed quotations 
from the Old, and contains introductions to the separate books. 
It may be used by all intelligent students of the sacred volume ; 
and has been found of great value to the students of Training 
Colleges in preparing for their examinations. 

SCHOLEFIELD (J.) Hints for Improvement in the 
Authorized Version of the "New Testament. By the late J. 
ScholeHeld, M. A. Fourth edition.' Yca^.^^o. \s* 
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TERTULLIAN. Liber Apologeticus. The Apology of 

Tertullian. With EngHsh Notes and a Preface, intended as an 
introduction to the Study of Patristical and Ecclesiastical 
Latinity. By H. A. Woodham, LL. D. Second edition, 
8vo. &r. 6</. 

PEROWNE (Canon). The Book of Psalms ; a New 

Translation, with Introductions and Notes, Critical and Expla- 
natory. By the Rev. J. J. Stewart Perowne, B. D., Fellow 
of Trinity College, Cambridge ; Canon Residentiary of Llandaff. 
8vo. Vol. I. Third edition. \%5. Vol. II. Third edition, 

The Book of Psalms. Abridged Edition for Schools. 



Crown 8vo. lOJ. 6d, 

WELCHMAN (Archdn.) The Thirty-Nine Articles 

of the Church of England. IMustrated with Notes, and con- 
firmed by Texts of the Holy Scripture, and Testimonies of 
the Primitive Fathers, together with References to the Passages 
in several Authors, which more largely explain the Doctrine 
contained in the said Articles. By the Ven. Archdeacon 
Welchman. New edition, Fcap. 8vo. 2s, Interleaved for 
Students. 3J. 

PEARSON (Bishop). On the Creed. Carefully printed 

from an Early Edition. With Analysis and Index. Edited by 
E. Walford, M. A. Post 8vo. 5^. 

HUMPHRY (W. G.) An Historical and Explanatory 

Treatise on the Book of Common Prayer. By W. G. " 
Humphry, B. D., late Fellow of Trinity College, Cambridge, 
Prebendary of St. Paul's, and Vicar of St. Martin's-in-the- 
Fields, Westminster, Fifth edition, revised and enlarged. Small 
post 8vo. 4J. dd, 

The New Table of Lessons Explained, with the 

Table of Lessons and a Tabular Comparison of the Old and 
New Proper Lessons for Sundays and Holy-days. By W. G. 
Humphry, B.D., Fcap. u. 6^. 

DENTON (W.) A Commentary on the Gospels for the 
Sundays and other Holy Days of the Christian Year. By the 
Rev. W. Denton, A. M., Worcester College, Oxford, and 
Incumbent of St. Bartholomew's, Cripplegate. New edition, 
3 vols. 8vo. 54J. 

Vol. I. — Advent to Easter. i8j. 

Vol. II. — Easter to the Sixteenth Sunday after Tt\xv\fc«i% v^^. 
\o\. III.— Seventeenth Sunday ^.lv« 'Yivcv\\rs \» tA^^^^N -^sv^ 
Holy Days, iSs, 
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DENTON (W.) Commentary on the Epistles for the 

Sundays and other Holy Days of the Christian Year. By the Rev. 
W. Denton, Author of "A Commentary on the Gospels," &c. 

Vol. I.— Advent to Trinity. 8vo. i8j. 
Vol. II. —Trinity and Holy Days. i&r. 

Commentary on the Acts. By the Rev. W. Denton. 



Vol. I. 8vo. i8j. Vol. II. in preparation. 

JEWEL (Bp.) Apology for the Church of England, 

with his famous Epistle on the Council of Trent, and a Memoir. 
32mo. 2J. 

BARRY (Dr.) Notes on the Catechism. For the use 

of Schools. By the Rev. A. Barry, D. D., Principal of King's 
College, London. Second edition^ revised^ Fcap. 2s» 

BOYCE (E. J.) Catechetical Hints and Helps. A 

Manual for Parents and Teachers on giving instruction to Young 
Children in the Catechism of the Church of England. By Rev. 
E. J. Boyce, M. A. Second edition, Fcap. 2J. 

Examination Papers on Religious Instruction. 

Sewed. \s, 6d, 

MONSELL (Dr.) The Winton Church Catechist. 

Questions and Answers on the Teaching of the Church Cate- 
chism. By Rev. J. S. B. Monsell, LL.D., Author of "Our 
New Vicar." Third Edition, Cloth, 3J.; or in Four Parts, 
sewed, price ^d, each. 

SADLER (M. F.) The Church Teacher's Manual of 

Christian Instruction. Being the Church Catechism Expanded 
and Explained in Question and Answer, for the use of the 
Clergyman, Parent, and Teacher. By the Rev. M. F. Sadler, 
Rector of Honiton. Third edition, 2s. 6d, 

KEMPTHORNE (J.) Brief Words on School Life. 

A Selection from short addresses based on a course of Scripture 
reading in school. By the Rev. J. Kempthome, late Fellow 
of Trinity College, Cambridge, and Head Master of Blackheath 
Proprietary School. Fcap. 3^. 6d, 

SHORT EXPLANATION of the Episties and Gospels 

of the Christian Year, with Questions for Schools. Royal 32mo. 
2s. 6d. ; calf, 4s, 6d, 

BUTLER (Bp.) Analogy of Religion; with Analy- 
tlcaJ Introduction and copious lnde^»\)^ V\v^ "^c*?, Dt» Steere, 
Bishop in Central Africa. Fcap. New cililion. -y , ^d. 
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BUTLER (Bp.) Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by W. Whewell, D. D. With 
a Preface and a Syllabus of the Work. Fourth and chea^ 
edition, Fcap. 8vo. 2J. (id, 

WHEWELL (Dr.) Lectures on the History of Moral 

Philosophy in England. By W. Whewell, D.D. New and 
improved edition^ with Additional Lectures. Crown 8vo. 8j. 

•^* The Additional Lectures sold separately. Crown 8vo. 
Price 3^. 6</. 

Elements of Morality, including Polity. By W. 

Whewell, D. D. New edition^ in 8vo. 15J. 

Astronomy and General Physics considered with 



reference to Natural Theology (Bridgewater Treatise). Nrat 
edition^ with new preface^ uniform with the Aldine Editions. 5 J. 

DONALDSON (Dr.) Classical Scholarship and Clas- 
sical Learning considered with especial reference to Com- 
petitive Tests and University Teaching. A Practical Essay 
on Liberal Education. By J. W. Donaldson, D. D. Crown 
8vo. 5^. 

The Theatre of the Greeks. New and cheaper 

edition. Post 8vo. $s, 

STUDENTS GUIDE TO THE UNIVERSITY OF 

CAMBRIDGE. Revised and corrected in accordance zoith the 
latest regulations. Third edition, Fcap. 8vo. dr. (td. 

This volume is intended to give useful information to parents 
desirous of sending their sons to the University, and to indicate 
the points on which to seek further information from the tutor. 

Suggestions are also given to the younger members of the 
University on expenses and course of reading. 

" Partly with the view of assisting parents, guardians, school- 
masters, and students intending to enter their names at the 
University — partly also for the benefit of undergraduates them- 
selves — 2l very complete, though concise, volume has just been 
issued, which leaves little or nothing to be desired. For lucid 
arrangement, and a rigid adherence to what is positively useful, 
we know of few manuals that could compete with this Student's 
Guide. It reflects no little credit on the University to which it 
supplies an unpretending, but complete, introduction." — Satur- 
day Review, 

KENT'S Commentary on International Lavr, revised 

with Notes and Cases brought down to the ^tese».t \xssx^. 
Edited by J. T. Abdy, LL.D., Ba.in?X.QX-^V\A.>N^^«e^^'5*'^'^^- 
fessor of Laws in the University o? Ca.rc^:ixv3i^<i» %h^« "^^^ 
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LEAPIXG^\XLL (G.) A ^fanoal of the Roman Civfl 

Lav, airai^eil acoofding to the SjOabos of Eh-. HaHifaT, 
DesagSfed for the use of Stadeots in the Univcrarics and Iimsof 
• ConrL Bj G. Leaqnngwel], LL-D. Sto. I2x. 

^lAYOR (Rev. J. B.) A Guide to die Choice of das- 

seal B«»ks. By J. B. Kayor, M.A., Profesor of Classical 
Literalnre at Kjng'^s College, late F^ovr and Tatar of SL 
John's Colkge, Cambiidge. Crown 8tol 2j. 



FRENCH, GERJklAX, AND EXGUSH CLASS 

BOOKS. 

iForeign Cla^jsics. 

A carefully edited series for nse in schools, with English notes, 
giammatical and explanatory, and renderings of difficult idiomatic 
cxpresnons. Fcap. 8to. 

CHARLES XII. par Voltaire. Edited by L. Di^e>^ 
Third edition^ rnised. 31. 6(^ 

GERMAN BALLADS fix)m Uhland, Goethe, and 

Schiller ; with Introductions, copious and biographical notices. 
Edited by C. I^ Bielefeld. 31. 6d. 

AVENTURES DE TELEIkLA.QUE, par Fendon. Edited 

by C. J. Delille. Second edition, revised. \s. (kL 

SELECT FABLES of La Fontaine. Edited by F. Gasc, 

New edition, revised, . y, 

PICCIOLA, by X. B. Saintine. Edited by Dr. Dubuc 
Fourth edUunty reinsed. y, 6d. 

SCHILLER'S Wallenstein. Complete Text, comprising 

the Weimar Prologue, Lager, Piccolomini, and Wallenstein's 
Tod. Edited by Dr. A. Buchheim, Professor of German 
in King's Collie, London. Revised edition. 6s. 6d, Or the 
Lager and Piccolomini, y. 6d, Wallenstein's Tod, 31. 6d, 

Maid of Orleans; with English Notes by Dr. 

Wilhelm Wagner, Editor of Plato, Plautus, &c, and Translator 
of Teuffers ** History of Roman Literature." y. 6d. 

GOETHE'S HERMANN AND DOROTHEA With 

Introduction, Notes, and Arguments. By E. Bell, B.A., 
Trinity College, Cambridge, and E. WolfeL 2J. 6d, 
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BREBNER (W.) Twenty Lessons in French. With 
double vocabulary giving the pronunciation of French words, 
notes, and appendices. By W. Brebner. Post 8vo. 4r. 

CLAPIN (A. C.) French Grammar for Public Schools. 
By the Rev. A. C. Clapin, M. A., St. John's College, 
Cambridge, and Bachelier-es-lettres of the University of 
France. Fcap. 8vo. Second edition greatly enlarged, 25, 6d. 
Or in two parts separately. Part I. Accidence, 2s. Part II. 
S3mtax, is, 6d, 

GASC (F. E. A.) First French Book; being a New, 

Practical, and Easy Method of Learning the Elements of the 
French Language. Fcap. 8vo. New edition, is, 6d, 

Second French Book ; being a Grammar and 

Exercise Book, on a new and practical plan, and intended as a 
sequel to the *' First French Book." Ntw edition, Fcap. 8vo. 
2s. 6d, 

Key to First and Second French Books. Fcap. 

8vo. 3J. 6d, 

French Fables, for Beginners, in Prose, with an 

Index of all the Words at the end of the work. Ne7u edition, 
i2mo. 2s, 

Select Fables of La Fontaine. New edition, revised, 

Fcap. 8vo. 3J. 

Histoires Amusantes et Instructives ; or, Selec- 
tions of Complete Stories from the best French modem 
authors, who have written for the young. With English 
notes. New edition, Fcap. 8vo. 2s, (>d, 

Practical Guide to Modern French Conversa- 
tion : containing : — I. The most current and, useful Phrases in 
Every-day Talk; II. Everybody's Necessary Questions and 
Answers in Travel-Talk. Fcap. 8vo. 2s, (>d, 

French Poetry for the Young. With English 

Notes, and preceded by a few plain Rules of French Prosody. 
Fcap. 8vo. 2s. 

Materials for French Prose Composition ; or, 



Selections from the best English Prose Writers. With copious 
foot notes, and hints for idiomatic renderings. New edition, 
Fcap. 8vo. 4r. 6^. Key, dr. 

— Prosateurs Contemporains ; or, Selections in 

Prose chiefly from contemporary French literature. With 
English notes. i2mo. Ss, 
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GASC (F. E. A.) Le Petit Compagnon ; a French Talk- 
Book for Little Children. i6mo. 2j. 6^. 

An Improved Modem Pocket Dictionary of the 



French and English Languages; for the every-day purposes 
of Travellers and Students. Containing more than Five lliou- 
sand modem and current words, senses, and idiomatic phrases 
and renderings, not found in any other dictionary of the two 
languages. A new edition with additions and corrections, 
i6mo. Cloth, 4J. 

Modern French and English Dictionary, with 



upwards of Fifteen Thousand new words, senses, &c., hitherto 
unpublished. Demy 8vo. l$s, 

GOMBERT (A.) The French Drama ; being a Selection 
of the best Tragedies and Comedies of Moli^re, Racine, P. 
Comeille, T. Comeille, and Voltaire. With Arguments in 
English at the head of each scene, and notes, critical and 
Explanatory, by A. Gombert. Sold separately at is, each. 

Contents. 



MOLIERE 



*Le Misanthrope. 

•L'Avare. 

•Le Bourgeois Gentilhomme. 

•Le Tartuffe. 

Le Malade Imaginaire. 

Les Femmes Savantes. 

Les Fourberies de Scapin. 



Les Precieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
Le Medecin malgre Lui. 
M. de Pourceaugnac. 
Amphitryon. 



Racine : 



La Thebaide, ou les Freres 

Ennemis. 
Alexandre le Grand. 
Andromaque. 
Les Plaideurs. 
Britannicus. 
Berenice. 



Bajazet. 
Mithridate. 
Iphigenie. 
Phedre. 
Esther. 
•Athalie. (In the press.) 



Le Cid. 
Cinna. 



P. Corneille: 

Horace. j Polyeucte. 

I Pompee. 

T. Corneille : 
Ariane. 



Voltaire : 
Zaire. Merope. 

Orestes. La Mort de C^sar. 

* New Editions of those marked wiiW an as\.et\^\v«Nt \aXs^^\««^ UsMied, 
carefully revised by the Rev. W. Holme* axvd M.. Oasc. '^^^^ V«i. '^^•s^Jc^ 
^£puod in cloth, is, each. Others will foUov*. 



Brutus. 
Alzire, 
Le Fanatisme, 
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LE NOUVEAU TRESOR : or, French Student's Com- 
panion ; designed to facilitate the Translation of English into 
French at Sight. By M. E. S. Sixteenth edition. Fcap. 8vo. 
3f . (xi. 

Contents : — Grammatical Introduction, 100 Lessons, Voca- 
bulary. Conversational Sentences, Alphabetical Arrangement 
of the Verbs. General Table of Reference. 

See also ** Foreign Classics," p. 96. 
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BUCHHEIM (Dr. A.) Materials for German Prose 
Composition ; consisting of Selections from Modem 
English writers, with grammatical notes, idiomatic ren- 
derings of difficult passages, and a general introduction. By 
Dr. Buchheim, Professor of German Language and Literature 
in King's College, and Examiner in German to the London 
University. Third edition^ revised, Fcap. 4r. 6</. 

In this edition the notes in Part I. have been entirely revised 
and increased in accordance with the suggestions of experienced 
teachers. 

CLAPIN (A. C.) A German Grammar for Public 
Schools. By the Rev. A. C. Clapin, Compiler of a French 
Grammar for Public Schools, assisted by F. HoU-Miiller, Assis- 
tant Master at the Bruton Grammar School. Fcap. 2j. 6rf. 

KOTZEBUE. Der Gefangene (the Prisoner). Edited, 

with English Notes Explanatory and Grammatical, by Dr. W. 
Stromberg. The first of a selection of German Plays, suitable 
for reading or acting, u. 

^^<ralso "Foreign Classics," p. 96. 
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ADAMS (Dr. E.) The Elements of the English 
language. By Ernest Adams, Ph. D. Thirteenth edition. 
Post 8vo. 4J. 6d. 

The Rudiments of English Grammar and Analysis. 

New edition, enlarged, Fcap. 8vo. 2j. 

MASON (C. P.) First Notions of Grammar for Young 

Learners. By C. P. Mason, B. A., Fellow of University 
College, London. Fcap. 8vo. Cloth, 8^. 

First Steps in English Grammar, for Junior Classes. 



Demy i8mo. New edition^ enlarged, is, 

- Outlines of English Grammar for the use of Junior 

Classes. Cloth, is, 6d, 

- English Grammar : including the Principles of Gram- 
matical Analysis. Nineteenth edition^ with a new Etymological 
Appendix. Post 8vo. y, 6d, 

- The Analysis of Sentences applied to Latin. Post 

8vo. 2s. 6d, 



- Analytical Latin Exercises : Accidence and Simple 

Sentences, Composition and Derivation of Words, and Com- 
pound Sentences. Post 8vo. 3J. 6d, 

- The First Two Books of Euclid explained to Begin- 
ners. Second edition, Fcap 8vo. 2s. 6d, 

Edited for Middle-Class Examinations, 

With notes on the Analysis and Parsing, and explanatory 

remarks. 

- Milton's Paradise Lost, Book I. With a Life of 

Milton. Third edition. Post 8vo. 2j. 

- Milton's Paradise Lost. Book II. With a Life of 

the Poet. Scco7td edition. Post 8vo. 2j. 

- Milton's Paradise Lost. Book III. With a Life 



of Milton. Post 8vo. 2j. 



Goldsmith's Deserted Village. With a Short Life 



of the Poet. Post 8vo. is, 6d, 
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MASON (C. P.) Cowper's Task. Book II. With an 
Outline of the Poet's Life. Post 8vo. 2j. 

Thomson's " Spring." With a short Life. Post 8vo. 



25, 

-Thomson's "Winter." With short Life. PostSvo. 2s. 



MENET (J.) Practical Hints on Teaching. Containing 

Advice as to Organization, Discipline, Instruction, and Prac- 
tical Management. By the Rev. John Menet, M. A. Perpetual 
Curate of Hockerill, and late Chaplain of the Hockerill Train- 
ing Institution. Fourth edition. Containing in addition Plans 
of Schools which have been thoroughly tested, and are now being 
adopted in various localities. Cro^n 8vo. Cloth, 2s, 6d. ; 
paper cover, 2s, 

TEST LESSONS IN DICTATION, for the First 

Class of Elementary Schools. This work consists of a series 
of extracts, Carefully selected with reference to the wants of the 
more advanced pupils; they have been used successfully in 
many Elementary Schools. The book is supplementary to the 
exercises given in the "Practical Hints on Teaching." Paper 
cover, is, 6d, 

SKEAT (W. W.) Questions for Examinations in English 

Literature ; with a Preface containing brief hints on the 
study of English. Arranged by the Rev. W. W. Skeat, late 
Fellow of Christ's College. 2s. 6d. 

This volume will be found useful in preparing for the various 
public examinations, ja the universities, or for government 
appointments. '' 

DELAMOTTE (P. H.) Drawing Copies. By P. H. 

Delamotte, Professor of Dia\idng in King's College and School, 
London. Containing 48 outline and 48 shaded plates. Oblong 
8vo. I2S. ; sold also in parts at l^. each. 

This volume contains forty-eight outline and forty-eight 
shaded plates of architecture, trees, figures, fragments, land- 
scapes, boats, and sea-pieces. Drawn on stone by Professor 
Delamotte. 

POETRY for the School Room, New edition. Fcap. 

8vo. is, 6d, 

GATTY (MRS.) Select Parables from Nature, for Use 

in Schools. By Mrs. Alfred Gatty. Fcap. 8vo. Cloth, is. 
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SCHOOL RECORD for Young Indies' Schools; a 

useful form of R^;ister of Studies and Conduct. 6^. 

GEOGRAPHICAL TEXT-BOOK; a Practical Geo- 

graphy, calculated to facilitate the study of that useful science, by 

a constant reference to the Blank Maps. By M. E . . . S 

i2mo. 7.S, 

II. The Blank Maps done up separately. 4to. 2j. 
coloured. 

JOHNS (C. A.) A First Book of Geography. By the 
Rev. C. A. Johns, B. A., F.L.S., Author of *' Botanical Ram- 
bles,** "Flowers of the Field," &c. Illustrated. i2mo. 2j. 6^. 

LOUDON (Mrs.) Illustrated Natural History. Neio 

edition. Revised by W. S. Dallas, F. L. S. With nearly 500 
Engravings, *js. 

Handbook of Botany. Newly Edited and greatly 

enlarged by David Wooster. Fcap. 2J. bd, 

HAYWARD. The Botanist's Pocket-Book, containing 

in a tabulated form, the Chief Characteristics of British Plants, 
with the botanical names, soil or situation, colour, growdi, 
and time of flowering of every plant, arranged under its own 
order ; with a Copious Index. By W. R. Hayward. Crown 
8vo. Cloth limp, 4?. 6^. 

STOCKHARDT. Experimental Chemistry, founded on 

the Work of Dr. Julius Adolph Stockhardt. A hand-book 
for the study of the science by simple experiments. By C W. 
Heaton, Professor of Chemistry in the Medical School of 
Charing Cross Hospital. Post 8vo. $s. 

BONNEY (T. G.) Cambridgeshire Geology. A Sketch 

for the use of Students. By T. G. Bonney, F.G.S., &c. Tutor 
and Lecturer in Natural Science, St. John's Coll. Cambridge 
8vo. 3J. 

FOSTER (B. W.) Double Entry Elucidated. By B. 

W. Foster. Seventh edition, 4to. 8j. 6d, 

CRELLIN (P.) A New Manual of Book-keeping, com- 
bining the Theory and Practice, with Specimens of a set 
of Books. By Phillip Crellin, Accountant. Crown 8vo. 3^. 6d, 

This volume will be found suitable for merchants and all 
classes of traders : besides giving the method of double entry, 
it exhibits a system which combines the results of double entry 
without the labour which it involves. 
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PICTURE SCHOOL BOOKS. Written in simple language, and 
with numerous illustrations. Royal l6mo. 

SCHOOL PRIMER. ChL 

SCHOOL READER. By J. Tilleard, Hon. Member of and 
Examiner to the College of Preceptors. Numerous Illustrations, is. 

POETRY BOOK FOR SCHOOLS, is, 

THE LIFE OF JOSEPH, u. 

THE SCRIPTURE PARABLES. By the Rev. J. E. 
Clarke, xs. 

THE SCRIPTURE MIRACLES. By the Rev. J. E. 

Clarke, is. 

THE NEW TESTAMENT HISTORY. By the Rev. 
J. G. Wood, M.A. IS. 

THE OLD TESTAMENT HISTORY. By the Rev. J. 
G. Wood, M.A. IS. 

THE STORY OF BUNYAN'S PILGRIM'S PRO- 
GRESS. IS. 

THE LIFE OF CHRISTOPHER COLUMBUS. By 
Sarah Crompton. u. 

THE LIFE OF MARTIN LUTHER. By Sarah Cromp- 

ton. 19. 

GRANT, Course of Instruction for the Young, by the late Horace 
Oranti 

Arithmetic for Young Children. A Series of Exercises ex-. 
emplifying the manner in which Arithmetic should be taught to Young 
Children, is. 6d. 

Arithmetic. Second Stage. For Schools and Families, 
exemplifying the mode in which Children may be led to discover the main 
principles ofFigurative and Mental Arithmetic. i8mo. 3^. 

Exercises for the Improvement of the Senses, and providing 
instruction and amusement for Children who are too young to learn to read 
and write, i8mo. is. 

Geography for Young Children. With Illustrations for 
Elementarj' Plan Drawing. j8mo. as. 

These are not class-books, but are especially adapted for use by teachers 
who wish to create habits of observation in their pupils and to teach them 
to think. 

BOOKS FOR YOUNG READERS. In Eight Parts. Limp 
Cloth. Bd. each ; or extra binding, is. each. 

Part I. contains simple stories told in monosyllables of not more than four 
letters, which are at the same time sufficiently interesting to preserve the 
attention of a child. Part II. exercises the pupil by a similar method in 
slightly longer easy words ; and the remaining parts consist of stories 
graduated in difficulty, until the learner is taught to read with ordinary 
facility. 
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For Schools and Parochial Libraries, 

The popularity which the Series of Reading-Books, known ai 
** Books for Young Readers," has attained is a sufficient proof thai 
teachers and pupils alike approve of the use of interesting stories 
with a simple plot in place of the dry combinations of letters and 
syllables, making no impression on the mind, of which elementary 
reading-books generally consist. Therie is also practical testimony 
to the fact that children acquire the power of reading much more 
rapidly when the process involves something more than tlie mere 
mechanical exercise of the faculties of sight and memory. 

The publishers have therefore thought it advisable to extend the 
application of this principle to books adapted for more advanced 
readers ; and to issue for general use in schools a series of popular 
works which they venture to think will in practice be found more 
adapted for the end in view than the collections of miscellaneous 
and often uninteresting extracts which are generally made to serve 
the purpose. 

These volumes will be printed in legible type, and strongly bound 
in cloth, and will be sold at \s, or ij. 6^. each, post 8vo. 

The first of the series, viz. Captain Marryat's MASTERMAN 
READY, which was written expressly for young people, is now 
ready, condensed, price \s, 6d, ; also, 

Mrs. Gatty's PARABLES FROM NATURE (selected), 
foolscap, 8vo., price is. 

The following arc in preparation : — 
ROBINSON CRUSOE. 

OUR VILLAGE. By Miss Mitford (selections). 
GRIMM'S GERMAN TALES. 
ANDERSEN'S DANISH TALES. 
FRIENDS IN FUR AND FEATHERS. 

CH/SWICK PRESS :— PRINTED BY WHITTINGHAM AND WILKINS, 
TOOKS COURT, CHX^CERY LANE. 
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